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Complexity

[Computer science] quantifying the difficulty of carrying out a task. (Computational) complexity

Quantum Computer Quantum Circuit~(Circuit) complexity

Minimal number of gates for the transformation from the reference to target state

| T i = U | Ri = gngn�1 · · · g2g1| Ri
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Figure 5: A general quantum circuit (left) and its unitary purification (right).

Note that it is inevitable that the size of Q is exponential in n and m in the worst case [70]. Further
details on the facts comprising this theorem can be found in Nielsen and Chuang [84] and Kitaev,
Shen, and Vyalyi [68].

III.3 Unitary purifications of quantum circuits

The connection between the general and unitary quantum circuits can be understood through the
notion of a unitary purification of a general quantum circuit. This may be thought of as a very
specific manifestation of the Stinespring Dilation Theorem [95], which implies that general quantum
operations can be represented by unitary operations on larger systems. It was first applied to the
quantum circuit model by Aharonov, Kitaev, and Nisan [10], who gave several arguments in favor
of the general quantum circuit model over the unitary model. The term purification is borrowed
from the notion of a purification of a mixed quantum state, as the process of unitary purification
for circuits is similar in spirit. The universal gate described in the previous section has the effect of
making the notion of a unitary purification of a general quantum circuit nearly trivial at a technical
level.

Suppose that Q is a quantum circuit taking input qubits (X1, . . . , Xn) and producing output
qubits (Y1, . . . , Ym), and assume there are k ancillary gates and l erasure gates among the gates of
Q to be labelled in an arbitrary order as G1, . . . , Gk and K1, . . . , Kl, respectively. A new quantum
circuit R may then be formed by removing the gates labelled G1, . . . , Gk and K1, . . . , Kl; and to
account for the removal of these gates the circuit R takes k additional input qubits (Z1, . . . , Zk) and
produces l additional output qubits (W1, . . . , Wl). Figure 5 illustrates this process. The circuit R is
said to be a unitary purification of Q. It is obvious that R is equivalent to Q, provided the qubits
(Z1, . . . , Zk) are initially set to the |0〉 state and the qubits (W1, . . . , Wl) are traced-out, or simply
ignored, after the circuit is run—for this is precisely the meaning of the removed gates.

Despite the simplicity of this process, it is often useful to consider the properties of unitary
purifications of general quantum circuits.

III.4 Oracles in the quantum circuit model

Oracles play an important, and yet uncertain, role in computational complexity theory; and the
situation is no different in the quantum setting. Several interesting oracle-related results, offering
some insight into the power of quantum computation, will be discussed in this article.

Oracle queries are represented in the quantum circuit model by an infinite family

{Rn : n ∈ N}
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Universal gate sets = {a,b,c,d,e,f}
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Complexity: how much things are complex
Chaos: how fast things get complex  

                    ~ fast time evolution of complexity



Quantum Chaos 

Krylov complexity as a diagnosis of quantum chaos 

- Krylov space (Hamiltonian, operator) 

- Operator growth 

- Lanczos coefficient 

Examples for lattice systems 

- Universal operator growth hypothesis 

Towards field theory 

- Subtlety in field theory 

- Revision of universal operator growth hypothesis

Cornelius (Cornel) Lanczos (1893-1974):  
a Hungarian-American and later Hungarian-Irish 
mathematician and physicist.
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Quantum Chaos

Black hole physics

Level spacing statistics 

Eingenstate Thermalization  
Hypothesis (ETH) 

Out-of-time-order correlator  
(OTOC) 

Chethan Krishnan: Fuzzballs and Random Matrices
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ex) 1D spin chain

Operator growth

The time evolution of an operator O by a time independent Hamiltonian H

Baker-Campbell-Hausdorff (BCH) formula 

1812.08657: Parker et al.
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Krylov space: Lanczos algorithm 

(Lanczos algorithm: Gram–Schmidt procedure) 

The time evolution of an operator O by a time independent Hamiltonian H

Inner product: Wightman inner product

Krylov basis

: Lanczos coefficients  {bn}

The set of operators         defines a basis of the so-called Krylov space associated to the operator 
Regard the operator as a state               in the Hilbert space of operators 

{�̃�n} 𝒪
𝒪 → |𝒪)

1812.08657: Parker et al.
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Krylov complexity

Krylov complexity

Discrete “Schrodinger equation”

“probability amplitudes” 

bn = hopping amplitudes 
a quantum-mechanical particle on a 1- dimensional chain. 

average position over the chain 

1812.08657: Parker et al.



13

K-complexity from the auto-correlation function 

Auto-correlation function

ΠW(t) =
1

2π ∫
∞

−∞
dω e−iωt fW(ω)

C(t) = ΠW(t) = φ0(t)

Moments

Lanczos coefficients from moments 

fW(ω)

μ2n

Hankel matrix  
constructed from the moments. 

1812.08657: Parker et al.

Power spectrum
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Computation method

Lanczos coefficients

C(t) = ΠW(t) = φ0(t)

fW(ω) μ2n

bn

1
2π ∫

∞

−∞
dω e−iωt fW(ω)

ΠW(t) =

K-complexity

1812.08657: Parker et al.
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Universal operator growth hypothesis

Lanczos coefficients {bn} grow as fast as possible
Krylov complexity grows exponentially 

the slowest possible decay of the power spectrum 
In a chaotic quantum system

bn ∼ αn

fW(ω) ∼ e− π |ω |
2α

fW(ω)

Universal operator growth hypothesis

fW(ω)

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

1812.08657: Parker et al.
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Subtlety in QFT

Lanczos coefficients {bn} grow as fast as possible?? 
In a chaotic quantum system In general QFT

bn ∼ αn ∼
π
β

n

Wightman 2-point function

Power spectrum

(α =
π
β )

(t =
iβ
2 )

fW(ω) ∼ e− β |ω |
2 ∼ e− π |ω |

2α

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

2212.14429: Avdoshikin, Dymarsky, Smolkin
2212.14702: Camargo, Jahnke, KYK, Nishida

m=0, d=4 Free theory is chaotic?

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

Only if bn is a smooth function of n 
Otherwise
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Subtlety in QFT

Lanczos coefficients {bn} grow as fast as possible?? 
In a chaotic quantum system In general QFT

bn ∼ αn ∼
π
β

n

Wightman 2-point function

Power spectrum

(α =
π
β )

(t =
iβ
2 )

fW(ω) ∼ e− β |ω |
2 ∼ e− π |ω |

2α

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

2212.14429: Avdoshikin, Dymarsky, Smolkin
2212.14702: Camargo, Jahnke, KYK, Nishida

Dynamical info (Lattice) vs Kinematical info (QFT)

fW(ω) ∼ e− π |ω |
2α

High frequency tail of the power spectrum

fW(ω) ∼ e− β |ω |
2

Low frequency behavior 
Sub leading behavior

Need to take into account

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

Only if bn is a smooth function of n 
Otherwise

e− β |ω |
2
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Free massive scalar in d-dimensions (IR-cutoff)

Wightman 2-point function

Power spectrum

fW(ω) μ2n bn

Staggering:  
two families for even n and odd n

2212.14702: Camargo,  
Jahnke, KYK, Nishida
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Non-trivial mass (IR-cutoff) effect: staggering

Power spectrum

Moments to Lanczos coefficients (d=5)

Staggering: two families for even n and odd n

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

Because bn is not a smooth function of n

2212.14702: Camargo,  
Jahnke, KYK, Nishida
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Staggering

α ≤
π
β

2212.14702: Camargo,  
Jahnke, KYK, NishidaNon-trivial mass (IR-cutoff) effect: staggering

mβ = 80

mβ

e− β |ω |
2

m
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Lanczos coefficients

C(t) = ΠW(t) = φ0(t)

fW(ω) μ2n

bn

1
2π ∫

∞

−∞
dω e−iωt fW(ω)

ΠW(t) =

K-complexity

2212.14702: Camargo,  
Jahnke, KYK, NishidaNon-trivial mass (IR-cutoff) effect: K-complexity
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Lanczos coefficients

C(t) = ΠW(t) = φ0(t)

fW(ω) μ2n

bn

1
2π ∫

∞

−∞
dω e−iωt fW(ω)

ΠW(t) =

K-complexity

Early time: oscillation:  
- larger m, shorter period 
Late time: oscillation disappears 
- cancelation due to large n 
Exponential increase 
- larger m, slower increase 
- staggering effect

2212.14702: Camargo,  
Jahnke, KYK, NishidaNon-trivial mass (IR-cutoff) effect: K-complexity
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2212.14702: Camargo,  
Jahnke, KYK, NishidaNon-trivial mass (IR-cutoff) effect: K-complexity
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K𝒪(t) ∼ eλ̃t

2π

2212.14702: Camargo,  
Jahnke, KYK, NishidaNon-trivial mass (IR-cutoff) effect: K-complexity
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m=0, d=4

fW(ω)

Non-trivial UV-cutoff effect 2212.14702: Camargo,  
Jahnke, KYK, Nishida
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Lanczos coefficients

C(t) = ΠW(t) = φ0(t)

fW(ω) μ2n

bn

1
2π ∫

∞

−∞
dω e−iωt fW(ω)

ΠW(t) =

K-complexity

Summary

Is it possible to extract the chaos-info from a C(t) or the spectral function?  
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Lanczos coefficients {bn} grow as fast as possible

Krylov complexity grows exponentially 

the slowest possible decay of the power spectrum 
In a chaotic quantum system

bn ∼ αn fW(ω) ∼ e− π |ω |
2α

fW(ω)

Universal operator growth hypothesis

Summary

Supporting evidences and counter examples 
Subtleties of QFT and refinements of the hypothesis

Is it possible to extract the chaos-info from a C(t) or the spectral function?  
- Seems to be possible
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Lanczos coefficients {bn} grow as fast as possible?? 
In a chaotic quantum system In general QFT

bn ∼ αn ∼
π
β

n

Wightman 2-point function

Power spectrum

(α =
π
β )

(t =
iβ
2 )

fW(ω) ∼ e− β |ω |
2 ∼ e− π |ω |

2α

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

Dynamical info (Lattice) vs Kinematical info (QFT)

fW(ω) ∼ e− π |ω |
2α

High frequency tail of the power spectrum

fW(ω) ∼ e− β |ω |
2

Low frequency behavior 
Sub leading behavior

Need to take into account

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

Only if bn is a smooth function of n 
Otherwise

e− β |ω |
2

Summary
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Staggering

α ≤
π
β

mβ = 80

mβ

e− β |ω |
2

m

Summary
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K𝒪(t) ∼ eλ̃t

2π

Summary
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m=0, d=4

fW(ω)

Is it possible to extract the chaos-info from a C(t) or the spectral function? 
More scales: compact space, interaction, other spins etc 
Holographic counterpart? 
Observations, conjectures, mathematical justification

Summary


