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Comments on Krylov Complexity

Aleksey Nikolaevich Krylov (1863 —1945) Complexity Equals Anything
a Russian naval engineer, applied mathematician .
and memoirist. By Shan-Ming Ruan
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Holographic complexity <«— QFT complexity

Ambiguity Ambiguity

Not well-defined!l!



[
Complexity

What is complexity? ChatGPT

Complexity refers to the level of difficulty involved in understanding, analyzing, or
managing a system, problem, or process. It often refers to the number of components,

interconnections, interactions, or variables involved in a particular system or process.

(Computational) complexity | [Computer science] quantifying the difficulty of carrying out a task.

(Circuit) complexity | Quantum Computer| ~ | Quantum Circuit

‘Minimql'? umber of gates for the transformation from the reference to target state

1Y) = UlWR) = gngn—1-""9291|¥R)

Universal gate sets = {d,b,C,d,e,f}

ex) G = dbe
. ! v G = ceab
% i o Y2 G = abefa
X3 @ Wy
Z & W, complexity = 3




Comments on Krylov Complexity

Aleksey Nikolaevich Krylov (1863 —1945) Complexity Equals Anything Not well-definedll!
a Russian naval engineer, applied mathematician .
and memoirist. By Shan-Ming Ruan

nouTA CocCP

AK .-\.Jll': MW
H KPP A

Holographic complexity <«— QFT complexity
Ambiguity Ambiguity

Complexity: how much things are complex

Chaos: how fast things get complex
~ fast time evolution of complexity

"Krylov complexity” is a well-defined concept
proposed as a diagnose of quantum chaos (which is not-well defined)



Comments on Krylov Complexity

~ Quantum Chaos
© Krylov complexity as a diagnosis of quantum chaos
- Krylov space (Hamiltonian, operator)
- Operator growth
- Lanczos coefficient
© Examples for lattice systems
- Universal operator growth hypothesis
© Towards field theory
- Subtlety in field theory

- Revision of universal operator growth hypothesis

Cornelius (Cornel) Lanczos (1893-1974):
a Hungarian-American and later Hungarian-Irish
mathematician and physicist.




[
Quantum Chaos

What is quantum chaos? ChatGPT

{d'(t), " (0)}p5 = ‘ 0q%(t) | ~ e

0g’(0) Quantum chaos is a field of physics that studies thebehaviorof quantum
—([¢'®), 7’ (O)]2>ﬂ: systemsthat are classmallychaotm Classically chaotic systems are thosé
—([V(t), W(0)]*)s haueAbl Snsnvdependncé on initial conditions, meaning small
Out-of-time-order correlator changes in t‘e |n|t|alcond|t|on 'Iea toAa;sl dlffrent outcomes over time.

(OTOCQ)
In quantum mechanics, chaotic behavior can manifest in the statistical
Level spacing statistics properties of the system ’s enery spectrum r in the time evolution o its
’ _ Poisson | ot w;dngs - '__,: 'aveuhcionhe stu of‘uAnu is concerned with
, understanding how the behavior of the system changes as classical chaos is
°-5:- / 1 oo 1 introduced or increased, and how this behavior can be observed and
; measured experimentally.

Quantum chaos has applications in various fields, including solid-state

. L physics, quantum computing, and quantum information theory. It has also
Eingenstate Thermalization

Hypothesis (ETH) led to new insights into the fundamental nature of quantum mechanics and

the connections between classical and quantum physics.

Chethan Krishnan: Fuzzballs and Random Matrices Black hole physics



The time evolution of an operator O by a time independent Hamiltonian H |

2.0t) =i [H,00) Baker-Campbell-Hausdorff (BCH) formula e*Ye ™ = i £7%|Y
O(t) = ¢ O(0) e =
2\ Gt & B (it)” (it)°
=300, 0 =00+ 1,01+ quglH, 4,01 + gyyclH, A, A, 01 +

0, = LrO0) L:=[H-] O) = ¢~ O0)

ex) 1D spin chain ¢ <;> ¢ ¢ {;) i ;,_

H=—) (ZZi1 + 9Xi + hZ;)

Zi(t) = 20— it[H, 23] — 1 [H, [H, Z,]] + i?f! (H,[H,[H,Z:]]] + ...
[Ha Zl N}/l

[H,[H, Z,]] ~Y1 + X125
(4, [H,[H, Z1]]] ~Y1 + Y2 X1 + Y12,
|H,[H,[H,[H, Z1]]]] ~X1i+ Y1+ Z1 + XaXo + V1Yo + Z1 25 + X122+
+ Z3Y1 + Y125Ys + Z1 X0 X5 + X023 X,




The time evolution of an operator O by a time independent Hamiltonian H

8,0(t) =i [H,O(t)] 8;|O(t)) = iL|O(t))

o -y o, .+ H,0)+ (Z,t,;[H 1,0+ {Ef (. (. O]

(0 = £r0@)) £:= O(t) = et O(0)

© The set of operators {0} defines a basis of the so-called Krylov space associated to the operator O
© Regard the operator as a state ® — | ®) in the Hilbert space of operators

Inner product: Wightman inner product |

1
Zg

(A|B) — < BH/2 A, —,BH/ZB> TI‘( ,BH/2AT6—,BH/2B) Zﬂ ZZTI‘(G_ﬂH)

Krylov basis | (On|On) = 6mn  (Lanczos algorithm: Gram—=Schmidt procedure)

Do) = |Oyp) := |0(0)) {b,}: Lanczos coefficients (0 b 0 0 ---\

2 ~ ~ 1 0 bz o ---
0):=b'LI0)  br = (OoL]£O0)" Lum = (0al}0m) = | 0 02 0 B3
0.) = by A,) by = (Al An)? o b 0 )

Ap) == L|Op_1) — bp1|On_2) = bnOm,n—1+ bnt10m,nt1



Discrete “Schrodinger equation” |

0.0(t) =1 [H,0(t)] “probability amplitudes” Z lon(t))? =1

o !

0|0(t)) =iL|O®)  |0W) =) eat)|On)  Palt) :=17"(On|O(1))

n=0
/0 by 0 O \
by 0 by O
0 by 0 by ---
= (Onl|L]|O) = 2 ] = bp0m n— bpi10
0 0 b3 0 - nOm,n—1 + Dn+1 m,n+1 o
\ S / . — )
| S @o(t) = bop_1(t) —brp1(t)
d @, (t A K1(t) = t) — t
sz;t( ) bn@n-1(t) = bnp1@n41(t) ©n(0) = 6np  ¥-2(t) =0 = A1 ) buo(t) = baa(t)
a quantum-mechanical particle on a 1- dimensional chain. On(t) = bypn_1(t) — bpi1@ni1(t)
bn = hopping amplitudes
b b b b -+ b, 0.6 -
1 o 2 o 3 o 4 o —_— t=0.5
Yo P1 P2 P3 PYa  *Pp — t=1.0
0.4 —t = 1.5
" ’ t=2.0
Krylov complexity | average position over the chain > §Z§Z
0.2
NI
Ko(t) == (O(t)|n|O(t) an SOSS
0.5 i é llO 5l0 1(I)0 500



Auto-correlation function | C(H) =TIV (1) = o (1) Power spectrum | Y (w)

C(t) := (O(t)|0(0)) = ¢o(t) R T .
_ <ez'(t—iﬂ/Z)Ho’r(O)e—z’(t—z’ﬂ/z)HO(O»ﬁ I1"(7) 22_”[_00 dw e ¥ (w)
= (O'(t —i8/2)0(0))s = TI" (¢) .

(. .. >ﬂ — Tr(e‘ﬁH ca )/’IY(e‘ﬁH)

Moments | Mo,

1 d*"T1 (¢) I e

(0. @]
’I:t)zn 2n pW
v (£) = ( = - bom = — | dww® % (W)
R nZ:O:uQn (2n)! Han =G ™ qgm | 21 J oo
Lanczos coefficients from moments |
B2 b2 = det (... . Hankel matrix Cay as o a, |
1 n (i )09’7 =n constructed from the moments.
9 4 2,9 a as Un+1
po =01, pg=0y+0byby, ---. Hy =
- L
B M2(Z D Mz({—z) An (Ap ces A2n-1




Lanczos coefficients |

pan =5 [ dwat V(@)
fW(a)) > Hop
() =
Lr’ e b2 .. b2 =
2r)_, det (Mz‘+j)ogi,jgn
v v
C(t) =T1"(t) = (1) by
K-complexity
—

@o(t) = bo p_1(t) —brpa(t)
p1(t) = bipo(t) — bapa(t)

Sbn(t) = bn‘Pn—l(t) - bn+180n+1(t)

Nmax

Ko(t) = Y nlea(t)]?, nmax = 200.

n=1



10 - X

C(t) analytic

n
X
T

Universal operator growth hypothesis | 20

\ the slowest possible decay of the power spectrum

||

In a chaotic quantum system fW(a)) o=

Lanczos coefficients {bp} grow as fast as possible

Krylov complexity grows exponentially

b, ~ an

\ / K@(t) ~ e2at

(fW(a)) ~e S & b,~an <=  Kp(t)~ ezo‘t>




1

Ly = %(5@2 + §m2¢2 (fW(a)) ~eT T S by~ an < Ko(t) ~ ezat>

Only if by, is a smooth function of n

Wightman 2-point function | Otherwise
1Y (¢, ) = (6(t - i6/2,%)6(0,0)); (t - f) (P~ b b fan b ko)~ )
2
Power spectrum ’ C(t) = IV (£, 0) m=0, d=4 | Free theory is chaotic?
l ﬁzw
Y (w) = / dt C(t)e™" = / dt 11" (¢, 0)e™* ¥ (w) =
7rsinh(%‘")

plo| 7o a = —

T
f(a)) e 2 e 2a B Bb,
/ \ 100+ R R

lr-e-cheaetic-gquantum-system In general QFT - ° -
9 80 - o
e o L3 [ . 1
Lanczos coefficients {bn} grow as fast as possible?? 2 «® e
60: .. :
®
- [ o’ . ]
b, ~an ~—n _ L.
![ .-
ﬂ 40_ 0‘-.'.’ ,0’.000"“‘.—.
I 02" ,0*? ]
L B AAAAAAAA
20 - .Q;::OQQ¢¢¢¢¢¢¢:::vvvvvvvv—
[ T
L .
b
[
Ob e e o b e -




1

Ly = %(5@2 + §m2¢2 (fW(a)) ~eT T S by~ an < Ko(t) ~ ezat>

Only if by, is a smooth function of n
Wightman 2-point function |

Otherwise
' w|lo|
HW(t, x) s <¢(t — i,B/Q,x)qb(O, O))g (t _ f) (fW(a)) ~ e 2a an K@(t) ~ e2at>
2
Power spectrum | C(t) =11 (t,0) High frequency tail of the power spectrum
l _ 7o _Blol
M (w) = _/dtC et = /dt % (t,0)e™* fY (@) ~ e @)~ e
T Dynamical info (Lattice) vs Kinematical info (QFT)
W _Plo| _ o] a=—
f (a)) ~ e 2 ~e 2a /i
Need to take into account
/ \ © Low frequency behavior
l-echaetic-quantum-system In general QFT -~ Sub leading behavior
Lanczos coefficients {bn} grow as fast as possible??
T ()
bn ~ N ~ —n ¢ _Blo|

o / /




1

free_l 2 T2 12
Lk —2(5¢) —I—qub

Wightman 2-point function |

I (t,x) := ($(t — i8/2,%)$(0,0))s ,

" (w, k) := /dt‘/dd_lxe“"t_ik'x " (¢, x)

Power spectrum ’

C(t) =11 (t,0)

l

\_

1
sinh|fw /2]

1Y (w, k) = p(w, k).

N

plw, k) = —[0(w — €x) — 0w + )],

€k

er := +/|k|> + m2.

~

J

l

Staggering:
two families for even n and odd n

. ' dd—lk
%74 . twt w wt %%
V(W) = / dt C()eit = / a0 = [ ST (g
/ (w2 _ m2)(d—3)/2 \ 300 00
f* () = N(m, 8,d) an 5oy 04l =m) ol 8=
2
d_wa( ) —1 e
k 27‘(’ W)= / 150 o
100/ e
M) > Hon > b, s
50
1 > 2n 2 _
Loy = o dew w2an(w) bi" .- - b = det (/'Li+j)0§z',j§n 02 - .

—00

60

80

100 7



2212.14702: Camargo,
Jahnke, KYK, Nishida

Non-trivial mass (IR-cutoff) effect: staggering

Power spectrum | fm > 1

73/2 3(d-2)/2

w ~ —Blwl|/2 (, 2, 2\(d—3)/2 _
PN gy e TR el = = IRk ()T (5))

N(m,B,d)

2

K, (z) is the modified Bessel function of the second kind
Moments to Lanczos coefficients (d=5) |

~

['(n, z) is the incomplete Gamma function.

1 [ 2-2¢% 2\ . mp3 . mp3
.= — dww® Y (w) = Z —m?B?T (2n+1,—= ) +4T [ 2n+ 3, —=
Hon =5 | ww™ 7 (w) 2+m5(5> [mﬁ nt+l,—- )+ n+3, -
' M(j—l) (1—2)
MZ({) =2 — 31_2 with (=3, ...,n,
b, =1/ Mz(z) : b1 b5 o
\ M2(?) = 2] , b_1 = b() =1 , MQ(l_l) =0.
bn
300 - Itn | g(n+l)? (nt1)* |
i — 100 8282 — 2 1+ 4mﬂ + 82 + 12 w3 T , for n odd ,
- T " n n(n+2) n(n+1)(n+2)
250 4—m2ﬂ2 + 8 migs T for n even
200
150 o Staggering: two families for even n and odd n
100 __..-"' Because by, is not a smooth function of n
50 o
oLs (fW(a)) ~ e 2a 95 b, ~ an ?é Ko(t) ~ ezat>
0 20 40 60 80 100 7




Non-trivial mass (IR-cutoff) effect: staggering

2212.14702: Camargo,
Jahnke, KYK, Nishida

bn,
300
mf = 80
0 (@)
200 _Blo]
.l..‘ — e 2
150 .-..
100 ......l' m \
mp Iso .,..»-/‘/ \‘\-\. w
olLae® >
0 20 40 60 80 100 7 +—>
m
S —— | by, ~ QogdM + Yoda (0dd m)
br, ~ Oleven ™ + Yeven (€Ven n)
50‘ B(’Yodd _ ’Yeven)
B35 _
i O Uodd 100f
3.4_‘ A Qgyen 80__
33 < : :
3- a < — - [
- = - 60 -
: p : :
3.2 : 40!
2 @ o & o g f :
31" 0 o o g 20
3_0_ ..................... 0—
0 20 40 60 80 100 By

(a) Mass-dependence of ayqq and Qeyen

(b) Mass-dependence of Y,44 — Yeven




@

e =

LJOO do e—ia)th(a))

27

C(t) =T1"(0) = (1)
CO(t) = ¢ (t) =t

K-complexity

\4

—00

=0

@o(t) = bo p_1(t) —b1p1(t)
p1(t) = bipo(t) — bapa(t)

an(t) — bn(pn—l(t) _ bn+190n+1(t)

Nmax

Ko(t) = Y _ nlea(t)]®, Amax = 200.

n=1

(t) (cgd) (t) sin(m t) + ¢ (t) cos(m t))

100 1,

bn
» Hop 300
mB = 100
bzn o b2 _ 250
1 . 200 ...,-
det (Hi+j)ocij<n 150
vb 100 _poe™"
n 50
Las
0 20 40 60 80
Ko(t)
100 F————————————————————1y
Ko(t)=(d-2)sinh?(rtt/pB) |

Ko(t) for Bm=0
Ko(t) for fm=10
Ko(t) for Bm=50

——— Kolt) for Bm=100
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Jahnke, KYK, Nishida

Non-trivial mass (IR-cutoff) effect: K-complexity

Lanczos coefficients |

1 oo

Han = o - N dww? % (w) :
Y (w) > Hop 300
. mB = 100 -
7@ = p2n .. B2 — 250 .
1 . 1 n. 200 ..._."
2_,[ do ™" f(@) det ('“i+j)0<z',j<n 150
T)_ =)= o
v v 100] oo
cH = Y0 = g0 O 0
CD(t) = P (1) = D (1) (cgd> (t) sin(mt) + §2(¢) cos(m t)) O 2 40 e s 100 p
K-complexity | Kop(t)

........ Ko(t)=(d-2)sinh?(tt/B)
_____ - Ko(t) for Bm=0

— — — Kp(t) for Bm=10
______ Ko(t) for Bm=50
—— Ko (t) for Bm=100

© Early time: oscillation:
- larger m, shorter period
© Late time: oscillation disappears
- cancelation due to large n
© Exponential increase
- larger m, slower increase
- staggering effect




2212.14702: Camargo,

Non-trivial mass (IR-cutoff) effect: K-complexity Jahnke. KYK. Nishida

100—-1 T T T T ] T T T T ] T T T T [ T T T T |- 100?] T T T T I T T T T l T T T T ] T T T T ]-
r [ .
50 50
.
-

100+ ,
b e
| B

........ Ko(t)=(d-2)sinh?(rtt/B)
ﬁﬁﬁﬁﬁ - Ko(t) for Bm=0
— — — Kp(t) for Bm=10
______ Ko(t) for Bm=50

. —— Ko(t) for Bm=100
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Non-trivial mass (IR-cutoff) effect: K-complexity ke KYK. Nishide
1001,(0(t) ] ~ K@(l') ~Y elt r 1.5 S ’/Tt/,B S 2.
50 ! ,BAK

T T T T T T T T T T T T T T T T T T T T T

i | - 1 1
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1

1
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Non-trivial UV-cutoff effect Jahnke, KYK, Nishida

m=0, d=4 |

7 (W) = N(B, A, §)————|exp(—|w/A| /%)

- B
sinh(5?)
—1I00
0 W 1/6
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[
Summary

o Is it possible to extract the chaos-info from a C(t) or the spectral function?

Lanczos coefficients | 1 [ on e W
Hon = 5 N dw w* f7 (w)
Y(w) > Hop
o) =
Lr’ e b2 .. b2 =
2r)_, det (.Uz'+j)ogi,j§n
v v
Ct) =TY(1) = py(1) by
K-complexity
—_

@o(t) = bo p_1(t) —brpa(t)
p1(t) = bipo(t) — bapa(t)

Sbn(t) = bn‘Pn—l(t) - bn+180n+1(t)

Nmax

Ko(t) = Y nlea(t)]?, nmax = 200.

n=1



[
Summary

o Is it possible to extract the chaos-info from a C(t) or the spectral function?
- Seems to be possible

)

£
L=

C(t) analytic

Y

Universal operator growth hypothesis | X

~

Lanczos coefficients {bn} grow as fast as possible

LT
2c

In a chaotic quantum system
the slowest possible decay of the power spectrum

mlo]

V(@) ~ e 2

b, ~ an

. /

o Supporting evidences and counter examples
o Subtleties of QFT and refinements of the hypothesis

Krylov complexity grows exponentially

K(’)(t) ~ e2at



[
Summary

1 1 dlol
Liree — - (09)" + Sm?¢? wa(w) ~e T = b ~an <= Ko(t) ~ ezat>
. . . Only if bn is a smooth function of n
Wightman 2-point function | Otherwise
' w|lo| o
T (t,x) := (¢(t — iB/2,%)$(0,0))s (r = f) (fw(w) ~e an Ko(t) ~ € t)
2
Power spectrum | C(t) =11 (t,0) High frequency tail of the power spectrum
l 14 A~ _ﬂ-lfx)l W ~ _%
fW(W) /dtC zwt — /dtHW(t O) 1wt f (0)) e 2 f (0)) €
T Dynamical info (Lattice) vs Kinematical info (QFT)
W _Plo| _zlo] a=—
f (a)) ~ e 2 ~e 2a /i
Need to take into account
/ \ © Low frequency behavior
l-echaetic-quantum-system In general QFT -~ Sub leading behavior
Lanczos coefficients {bn} grow as fast as possible??
T ()
bn ~ N ~ —n ¢ _Blo|

o / /




[
Summary

br,
300 Ty -
mp = 80 -
250 . fW(
w)
200 t _Blo]
d .I-. f— e 2
150 B -
100 ....-.-' ‘__.-
m,B 50 /./-t/ \\.\~ W
0 = SN
0 20 40 60 80 100 n, <+
m
S —— | b, ~ Codd M + Yoda (0dd m)
br, ~ Oleven ™ + Yeven (€Ven n)
50‘ B(’Yodd _ ’Yeven)
3-5_' I T T T ! ! ' J FT T T T T T T T T
I O  Qodd 100f
3'4__ A Oeven 80 -
33 <z '
3r a < — -
) 60_
: p _
3.2~ R 40"
3.1 o@ o o g 20"
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(a) Mass-dependence of ayqq and Qeyen

(b) Mass-dependence of Y,44 — Yeven
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Summary

Ko(t >
100 O( ) ] ~ K@(l') ~Y elt '15S’/Tt/,8§ 2.
0 BAk
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» 231, et
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[
Summary

m=0, d=4 |
w
fY(w) = N(B,A, 5)m exp(—|w/A'°)
2 “‘u
-1J00 \50 : 1(I)0
4 W 1/6
bn ~ 1’ <=5 fY(w) ~ exp(—|w/wo|'/?)
Bby, § <1
S —— 30
"o b, for 6= .o.:
L < d
80-* Pb, for 6=1/2 e® ] 925
"+ Pby, for 6=1/4 LA 20 -
607, pb, for 5=1/10 LA ]
[ o =" 15 -
40" ﬁb,,for6=1/10(;).::r ”””’..,,
i o2 o0’ 10 -
[ o"“‘ AAAAAAAAAAAAAAAALD
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[ . i
L e®
4
T A 0
* n 0 10 20
BA = 40 n

o Is it possible to extract the chaos-info from a C(t) or the spectral function?
o More scales: compact space, interaction, other spins etc

© Holographic counterpart?

o Observations, conjectures, mathematical justification



