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01. Motivation- “Quantum Circuit”
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|ΨR⟩ = |0⟩ |0⟩ |0⟩⋯ |0⟩

|ΨT⟩ = |Ω⟩

MERA as a quantum circuit

“time”

Entanglement introduced by gates at different “times” (= length scales)

quantum 
circuit 

no entanglement

AdS spacetime 

AdS Black hole 

AdS/CFT

Emergence  
of Spacetime

|ΨT⟩ = |TFD⟩

AdS/MERA (Multiscale Entanglement Renormalization Ansatz)
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|ψT⟩ = UTR |ψR⟩ = gin⋯gi2 gi1 |ψR⟩ ,

Reference stateTarget state Gates

Quantum Circuit

gi1 gi4 gin

gi2

gi3

gin−1⋯⋯ |ψT⟩|ψR⟩

s = 1s = 0 s

01. Motivation- Quantum Circuit
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What is Circuit Complexity?

02. Circuit Complexity
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|ψT⟩ = UTR |ψR⟩ = gin⋯gi2 gi1 |ψR⟩ ,

Reference stateTarget state Gates

Quantum Circuit

gi1 gi4 gin

gi2

gi3

gin−1⋯⋯ |ψT⟩|ψR⟩

s = 1s = 0 s

 The minimal number(cost) of gates in quantum circuits |ΨR⟩ ⟶ |ΨT⟩ ≡ UTR |ΨR⟩

Circuit Complexity

02. Circuit Complexity
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02. Circuit Complexity in QFT
Nielsen’s Geometric Approach

R.Jefferson, R. Myers, 1707.08570 

A. Continuous construction of the unitary transformations for the target state

B. Find the optimal circuit: minimize the cost function of circuits  

“geodesic” in the space of unitaries/states  

Quantum Circuit in QFTs               |ΨR⟩ ⟶ |ΨT⟩ ≡ UTR |ΨR⟩

Nielsen and collaborators, quant-ph/0603161;  

<latexit sha1_base64="JVPyBcreP8PdHS88SBEGsWLW+WE="></latexit>

U(�) =
 �P exp


�i

Z �

0
dsH(s)

�
, where H(s) =

X

I

Y I(s)OI
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What is Circuit Complexity?
 The minimal number of gates in quantum circuits for |ΨR⟩ ⟶ |ΨT⟩ ≡ UTR |ΨR⟩

02. Circuit Complexity in QFT

Circuit Complexity:
<latexit sha1_base64="Bm7DHzJr+NDb9Bjdo5OlDaJTalw="></latexit>

C (| Ti) = minD(U(�)) = min

Z 1

0
dsF

�
U(s), Y I(s)

�

For other approaches toward the complexity in QFT, see eg, : 
1707.08582, S. Chapman, M. P. Heller, H. Marrochio and F. Pastawski; 
1703.00456, 1706.07056, P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, K. Watanabe; 
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Why Circuit Complexity?

02. Circuit Complexity

Free Choices (Ambiguities)?

References State? Set of Gates? Cost Functions?

Unentangled State? Minimal Set? ?
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Why Circuit Complexity?

Universalities: Linear growth and Switchback effect 

02. Circuit Complexity
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A conjecture of the time evolution of complexity

|ψT(t)⟩ = e−iHt |ψ⟩

t

C

∼ eS

02. Universalities: Linear Growth
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Linear Growth ∼ E t

t

C

∼ eS

A proof for random circuits of qubits 
Haferkamp, Faist, Kothakonda, 
Eisert, Halpern 
Nature Physics, 18(5), 528-532

A conjecture of the time evolution of complexity

02. Universalities: Linear Growth

|ψT(t)⟩ = e−iHt |ψ⟩
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Linear Growth ∼ M t
 Plateau: GR  

t

C

∼ eS

02. Universalities: Linear Growth

A conjecture of the time evolution of complexity
|ψT(t)⟩ = e−iHt |ψ⟩
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Switchback Effect

02. Universalities: Switchback Effect

Complexity of a precursor
<latexit sha1_base64="vHAjavEheO6Q2jAK1I55Wch5ZMA="></latexit>

O (t) = U (t)OU† (t) , U(t) = e�iHt

<latexit sha1_base64="+cRTbrS/zYu5SBRsEdTrK1Bz4AI=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXIVJGtJ2V3Cjuwr2Amkok+mkHTq5MDMRSuhjuHGhiFufxp1v46QtRcUfBn6+cw7znxOknEmF0JdR2tre2d0r71cODo+OT6qnZz2ZZILQLkl4IgYBlpSzmHYVU5wOUkFxFHDaD2Y3Rb3/SIVkSfyg5in1IzyJWcgIVhp5wwirKcE8v1uMqjVktpqu7bgQmQg1LNsqjN1w6g60NClUA2t1RtXP4TghWURjRTiW0rNQqvwcC8UIp4vKMJM0xWSGJ9TTNsYRlX6+jLyAV5qMYZgI/WIFl/TnRI4jKedRoDuLiPJvrYD/1bxMhU0/Z3GaKRqT1UdhxqFKYLE/HDNBieJzbTARTGeFZIoFJkpfqbI6gltHLtqsDAtiOVZrQ3q2abmmc+/U2q31OcrgAlyCa2CBBmiDW9ABXUBAAp7AC3g1lPFsvBnvq9aSsZ45B79kfHwD8tuR1Q==</latexit>

I

| i⟩

| f ⟩
<latexit sha1_base64="sjhtY+o/A5j5bTnTkbH84jaFwDg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRaqt1IoRuXFewDmlAm00k7dGYSZiZCCPVX3LhQxK0f4s6/MUmD7wMDh3Pu5Z45Xsio0pb1bpRWVtfWN8qbla3tnd09c/+gr4JIYtLDAQvk0EOKMCpIT1PNyDCUBHGPkYE372T+4JZIRQNxo+OQuBxNBfUpRjqVxmbV4UjPMGJJZwEdRTm04NisWXUrB/xL7ILUQIHu2HxzJgGOOBEaM6TUyLZC7SZIaooZWVScSJEQ4TmaklFKBeJEuUkefgGPU2UC/UCmT2iYq983EsSVirmXTmZR1W8vE//zRpH2L9yEijDSRODlIT9iUAcwawJOqCRYszglCEuaZoV4hiTCOu2rkpfQap5Zza8vw0yxG3brU+mf1u1mvXHdqLUvizrK4BAcgRNgg3PQBlegC3oAgxjcg0fwZNwZD8az8bIcLRnFThX8gPH6AbAhlEg=</latexit>

C ⇠ 0
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Switchback Effect

Complexity of a precursor
<latexit sha1_base64="vHAjavEheO6Q2jAK1I55Wch5ZMA="></latexit>

O (t) = U (t)OU† (t) , U(t) = e�iHt

<latexit sha1_base64="NBO64HCr1xmtcyLVSOfBvXKoa6Y=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXIVJGtJ2V3Djzgr2Amkok+mkHTq5MDMRSuhjuHGhiFufxp1v46QtRcUfBn6+cw7znxOknEmF0JdR2tre2d0r71cODo+OT6qnZz2ZZILQLkl4IgYBlpSzmHYVU5wOUkFxFHDaD2Y3Rb3/SIVkSfyg5in1IzyJWcgIVhp5wwirKcE8v1uMqjVktpqu7bgQmQg1LNsqjN1w6g60NClUA2t1RtXP4TghWURjRTiW0rNQqvwcC8UIp4vKMJM0xWSGJ9TTNsYRlX6+jLyAV5qMYZgI/WIFl/TnRI4jKedRoDuLiPJvrYD/1bxMhU0/Z3GaKRqT1UdhxqFKYLE/HDNBieJzbTARTGeFZIoFJkpfqbI6gltHLtqsDAtiOVZrQ3q2abmmc+/U2q31OcrgAlyCa2CBBmiDW9ABXUBAAp7AC3g1lPFsvBnvq9aSsZ45B79kfHwD+/mR2w==</latexit>

O

| i⟩

| f ⟩

<latexit sha1_base64="HmwmeMjEmmjKwpGNNME28WQue/Q="></latexit>

C ⇠ 0 , t < tscr
<latexit sha1_base64="ldI6sjKe1n+e3ylkRZhx5Mmzsy4="></latexit>

C ⇠ 2M(t� tscr) , t � tscr

02. Universalities: Switchback Effect
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02. “Quantum Circuit”
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It from Qubit Emergence of Spacetime
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Complexity = Volume Conjecture

Susskind, Stanford: arXiv: 1406.2678

02. Holographic Complexity

Σ(tL, tR)

r = 0

r = 0

r = ∞ r = ∞

tL tR <latexit sha1_base64="tLSuNpeC/EdVt/VG7B0bg6P/AoI="></latexit>

CV (⌃CFT) = max
⌃CFT=@B


V(B)

GN`bulk

�
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r = 0

r = 0

r = ∞ r = ∞

tL = τ/2

τ → ∞

r = rf

rmin

r = rh

tR = τ/2

τ → ∞

rmax

Σ(τ)

Σ(τ′ )

<latexit sha1_base64="yTOZjc6p06P19l+AcrevheReWUU="></latexit>

CV = max


V

GN `bulk

�

<latexit sha1_base64="hZKfDyUQR8BG+WUAyF+RUtxb9J0="></latexit>

| TFD(⌧)i =
X

En

e��En/2�iEn⌧ |niL ⌦ |niR

Linear growth at  
    late times

<latexit sha1_base64="FPVyUUeRz4kr+aiBrNGQhgQseTc="></latexit>

CV ⇠ M(tL + tR) +O(1)

02. Holographic Complexity
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   Universality:   Linear growth of the size of wormhole

Σ(tL, tR)

r = 0

r = 0

r = ∞ r = ∞

tL tR

size ∼ tL + tR

Geometries behind the horizon

02. Holographic Complexity
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r = 0

r = 0

r = ∞ r = ∞

rm

rh rh

tL tR

21

 Complexity = Action Conjecture

WDW

Susskind et al: arXiv:1509.07876; 1512.04993

Wheeler-DeWitt patch 

02. Holographic Complexity

Full gravitational action

Lehner, Myers, Possion and Sorkin 
         arXiv:1609.00207

<latexit sha1_base64="YTKMT62LS7W8msHjR0TNx7/HZdY="></latexit>

CA =
IWDW

⇡~
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Ambiguities: Complexity Equals Anything?

03. Complexity Equals Anything

              arXiv:2111.02429   arXiv:2210.09647 
A. Berlin, R. Myers, S-M Ruan, G. Sarosi, A. Seperanza  
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Σ(tL, tR)

r = 0

r = 0

r = ∞ r = ∞

tL tR

<latexit sha1_base64="+BFe4XIXgTwDjyfwjqm4NOM3daQ="></latexit>

OF1,⌃F2
(⌃CFT) =

1

GNL

Z

⌃F2

d
d
�

p
hF1 (gµ⌫ ;X

µ)

<latexit sha1_base64="KfHjLGEm0j6iNAu5EdSj2nuQZHg="></latexit>

�x

✓Z

⌃
dd�

p
hF2 (gµ⌫ ;X

µ)

◆
= 0

Extremal hypersurface

<latexit sha1_base64="yTOZjc6p06P19l+AcrevheReWUU="></latexit>

CV = max


V

GN `bulk

�

F1 = F2 = 1

arXiv:2111.02429, A. Berlin, R. Myers,

SM.Ruan, G. Sarosi, A. Seperanza 

03. Complexity Equals Anything
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<latexit sha1_base64="uclsmZleNvUGVrBl2qLuhSJCwBY="></latexit>

ṙ2 + eU(r) = P 2
v with eU(r) = �f(r)a2(r)

⇣ r

L

⌘2(d�1)

A classical non-relativistic particle with a effective potential

r = 0

r = 0

r = ∞ r = ∞

tL = τ/2

τ → ∞

r = rf

rmin

r = rh

tR = τ/2

τ → ∞

rmax

Σ(τ)

Σ(τ′ )

r

Ũ(r)

rhrf
0

rmin P2
v (tR)

r′ min
P2

∞ P2
v (t′ R)

P2
v ≤ P2

∞

P2
v ≥ P2

∞

03. Complexity Equals Anything
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r = 0

r = 0

r = ∞ r = ∞

tL = τ/2

τ → ∞

r = rf

rmin

r = rh

tR = τ/2

τ → ∞

rmax

Σ(τ)

Σ(τ′ )

<latexit sha1_base64="NLzU2gbKaHd8DhODknNOdxdmp2k="></latexit>

F1 = F2 : Cgen(⌧) = max
@⌃(⌧)=⌃⌧


1

GNL

Z

⌃
dd�

p
hF1 (gµ⌫ ;X

µ(�))

�

Time Evolution:
<latexit sha1_base64="6hQ916111GOcRw5ULHfxOk66w2I="></latexit>

dCgen
d⌧

= boundary term
��
@⌃

=
Vx

GNL
Pv(⌧)

Linear Growth at late times:
<latexit sha1_base64="WRgaKCbXQ37cl17ld7w8igCD9X4="></latexit>

lim
⌧!1

dCgen
d⌧

= constant =
Vx

GNL
P1

corrections
<latexit sha1_base64="khUXi9lxIOMV47lcrnL6wZviORM="></latexit>

P1 � Pv(⌧) / e�⌧ ,

with  =
�f (rf )

q
�2eU 00 (rf )

P1

03. Complexity Equals Anything
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<latexit sha1_base64="+BFe4XIXgTwDjyfwjqm4NOM3daQ="></latexit>

OF1,⌃F2
(⌃CFT) =

1

GNL

Z

⌃F2

d
d
�

p
hF1 (gµ⌫ ;X

µ)F1 ≠ F2

F1

Complexity measure

F2 = 1

Extremal Surface

03. Complexity Equals Anything
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Σ+

r = 0

r = 0

tL tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M
r−,min

r+,min

t

t

t

t

r = rh

<latexit sha1_base64="o91lFJV0/avgh1K42X0tHbmZ6jA="></latexit>

�x±

⇥
WG2,F2,±(M)

⇤
= 0

Codimension-one Codimension-zero

Extremal Codimension-zero Subregion

A generic codimension-zero gravitational observables:

03. Complexity Equals Anything
<latexit sha1_base64="ZA46ACwK8GzITWVJmh4ySx4fNd0="></latexit>

O
⇥
G1, F1,±,MG2,F2,±]

⇤
(⌃CFT) =

1

GNL

Z

⌃+[G2,F2,+]
d
d
�

p
hF1,+

�
gµ⌫ ;X

µ
+

�

+
1

GNL

Z

⌃�[G2,F2,�]

d
d
�

p
hF1,�

�
gµ⌫ ;X

µ
�
�
+

1

GNL2

Z

MG2,F2,±

d
d+1

x
p
gG1 (gµ⌫)
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Σ+

r = 0

r = 0

tL tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M
r−,min

r+,min

t

t

t

t

r = rh

Stokes’ theorem
<latexit sha1_base64="irjoihLYtVDZfECTaashX0hQkcQ="></latexit>Z

M
dd+1x

p
g G2 (gµ⌫) = L

Z

⌃+[⌃�=@M
dd�

p
h eG2 (gµ⌫ ;X

µ)

Poincaré lemma: every top form on non-compact orientable manifold is always exact.

<latexit sha1_base64="T9Lo3go0QAwJUelXysI1AD5PkrQ="></latexit>

�x+

"Z

⌃+

dd�
p
h
⇣
F2,+

�
gµ⌫ ;X

µ
+

�
+ eG2

�
gµ⌫ ;X

µ
+

�⌘
#
= 0,

�X�

"Z

⌃�

dd�
p
h
⇣
F2,�

�
gµ⌫ ;X

µ
�
�
� eG2

�
gµ⌫ ;X

µ
�
�⌘

#
= 0.

Extremal codimension-zero subregion:

Two independent extremal surfaces

03. Complexity Equals Anything
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<latexit sha1_base64="ZA46ACwK8GzITWVJmh4ySx4fNd0="></latexit>

O
⇥
G1, F1,±,MG2,F2,±]

⇤
(⌃CFT) =

1

GNL

Z

⌃+[G2,F2,+]
d
d
�

p
hF1,+

�
gµ⌫ ;X

µ
+

�

+
1

GNL

Z

⌃�[G2,F2,�]

d
d
�

p
hF1,�

�
gµ⌫ ;X

µ
�
�
+

1

GNL2

Z

MG2,F2,±

d
d+1

x
p
gG1 (gµ⌫)

Ambiguities:            Complexity Equals Anything

Universalities:   01. Linear growth at late times  
                              02. Switchback effect in shockwave geometries  

lim
τ→∞

dO
dτ

∼ M + 𝒪(e−κτ)For two-sided AdS BH:

03. Complexity Equals Anything
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04. Singularity Probe

tR

r = 0

r = 0

tL

(Maximal) extremal hypersurface

Singularity 

                 Singularity Probe:   
  
01. Asymptotic geometries near the singularity 
          
02. Distinguish spacelike/timelike singularity  

<latexit sha1_base64="LVpCsNCk93GS5QUEu4VVr07SYAc="></latexit>

Cgen =
1

GNL

Z

⌃
F1 (gµ⌫ ,Rµ⌫⇢�,rµ)

p
hddy

=
Vx

GNL

Z
d�

⇣ r

L

⌘d�1 p
�f(r)v̇2 + 2v̇ṙ a(r)
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Simplest Example:  
Spacetime volume between CMC slices

F = G = 1

<latexit sha1_base64="Fpsg5n+XZ8gXJ1nSga9cjW6Qqug="></latexit>

Cgen =
1

GNL

"
↵+

Z

⌃+

dd�
p
h+ ↵�

Z

⌃�

dd�
p
h+

↵B

L

Z

M
dd+1x

p
�g

#
,

KΣ+
=

αB

α+L
, KΣ−

= −
αB

α−LExtremization Conditions:  constant mean curvature (CMC)

tL

r = 0

r = 0

tR

Σ+

Σ−

tR

Σ+

r = 0

r = 0

tL

Σ−

α+ → 0
α− → 0

04. Singularity Probes
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Lessons and Questions

•  Infinite Gravitational Observables 

•  Finding extremal hypersurface —>  EoMs of a classical particle  

•  Linear Growth & Switchback effect 

•  Two Independent Measures:  Extremal Surface + Complexity Measure                       

•  All as candidates for holographic complexity?                

•  Higher curvature corrections & Quantum corrections ?

•  A derivation of holographic complexity?  

• ……….

Cbulk

32
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Thanks for your attention! 


