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Review: Witten’s Cubic Open String Field Theory

Witten’s Cubic Open String Field Theory

Sopen =

∫
tr

(
Ψ ∗ QΨ +

2g

3
Ψ ∗Ψ ∗Ψ

)
, (1)

Star product between the string field operators

(Ψ1 ∗Ψ2) [X (σ)] =

∫ ∏
π
2
≤σ≤π

DX (1)(σ)
∏

0≤σ≤π
2

DX (2)(σ)

∏
π
2
≤σ≤π

δ
[
X (1)(σ)− X (2)(π − σ)

]
Ψ1[X (1)(σ)]Ψ2[X (2)(σ)]. (2)

BRST gauge transformation

δΨ = Q ∗ ε+ Ψ ∗ ε− ε ∗Ψ. (3)
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Witten’s Cubic Open String Field Theory
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Closed String Field Theory in the Proper-Time Gauge
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Closed String Theory on a Double Layer
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Closed String Theory on a Double Layer : ω-complex plane
(unit disk)

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Taejin Lee (KNU) Danang.2023 Danang, Feb. 24, 2023 7 / 27



Closed Cubic Closed String Field Theory (Extension of
Witten’s)

No-Go Theorem? Nucl. Phys. B 336, 185 (1990)

Argument of Sonoda and Zwiebach: Symmetric BRST inv. cubic term
cannot generate a quartic BRST inv. & gauge covariant term. Claim:
”Covariant (closed) string field theory cannot be cubic” .

Some exceptional cases, including Witten’s Cubic Open String Field
Theory.
Resolution:

1 Asymmetric cubic interaction. (proper-time gauge)

2 Double Copies of Witten’s cubic open string field theory ⇒ Closed
String Field Theory with Double Layers.
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Closed String Field Theory - 3 Ways to Go

D

Closed String Field Theory

Witten’s 
Cubic

Double layers

BV Quantization

Proper-time

Infinite terms?
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Closed String Theory on a Double Layer: Over-lapping
conditions

Star product between two string field operators may be defined as

(Ψ1 ∗Ψ2) [X (σ)]closed =

∫ ∏
−π≤σ≤−π

2

∏
π
2
≤σ≤π

DX (1)(σ)

∏
0≤σ≤π

2

∏
−π

2
≤σ≤0

DX (2)(σ)
∏

−π≤σ≤−π
2

∏
π
2
≤σ≤π

δ
[
X (1)(σ)− X (2)(π − σ)

]
Ψ1[X (1)(σ)]Ψ2[X (2)(σ)], (4)

Taejin Lee (KNU) Danang.2023 Danang, Feb. 24, 2023 10 / 27



The Neumann Functions for Closed String: Vertex
Operator

Polyakov Path Integral

A =

∫ ∏
r ,n

dPr ,nΨr [Pr ]W (Pr ,n, pr ), (5a)

W (Pr ,n, pr ) =

∫
D[X ] exp

(
i
∑
r

∫
∂Mr

Pµr (ηr )Xµ(ξr , ηr )dηr

−
∑
r

∫
Mr

L dξrdηr

)
, (5b)

L =
1

2π

{(
∂Xµ

∂ξr

)2

+

(
∂Xµ

∂ηr

)2
}
. (5c)
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Vertex Operator and Polyakov String Path Integral

Strategy of Calculation of Vertex Operator

1 Construct the covariant closed string field theory

2 Rewrite the scattering amplitudes generated by the closed string field
theory by using the Polyakov string path integral

3 Re-express the Polakov string path integrals in terms of the oscillator
operators

4 Identify the Fock space (operator) representations of the string field
theory vertices

5 Choose appropriate external string states, corresponding to the
various particles and evaluate the scattering amplitudes.

Fock space representations of Overlapping functionals are not vertex operators!
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Open String Field Theory in the Proper-Time Gauge (TL)

Mapping of the three-string vertex diagram onto the upper half complex
plane

(1)

(2)

(3)

(2)
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(3)

1ρ=τ+iσ
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c

a b c

not symmetric, no BRST
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Vertex Operator - proper-time gauge: KLT-Double Copy

A[1, 2, 3] = g〈{k(r)}|

exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs
nm

α
(r)†
n

2
· α

(r)†
m

2
+
∑
n≥1

N̄ rs
n0

α
(r)†
n

2
· p

(s)

2

)}

exp

{
τ0
∑
r

1

αr

1

2

(
p(r)

2

)2

− 1

}

exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs
nm

α̃
(r)†
n

2
· α̃

(r)†
m

2
+
∑
n≥1

N̄ rs
n0

α̃
(r)†
n

2
· p

(s)

2

)}

exp

{
τ0
∑
r

1

αr

1

2

(
p(r)

2

)2

− 1

}|0〉.
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Neumann Functions for Closed String

G (ρr , ρ
′
s) = ln |z − z ′|

= −δrs

{∑
n=1

1

2n

(
ω−n+ ω′n− + ω∗−n+ ω′∗n−

)
−max(ξ, ξ′)

}
+C̄ rs

00 +
∑
n=1

(
C̄ rs
n0ω

n
r + C̄ rs

−n0ω
∗n
r

)
+
∑
m=1

(
C̄ rs
0mω

′m
s + C̄ rs

0−mω
′∗m
s

)
+
∑

n,m≥1

{
C̄ rs
nmω

n
r ω
′m
s + C̄ rs

−nmω
∗n
r ω
′m
s + C̄ rs

n−mω
n
r ω
′∗m
s

+C̄ rs
−n−mω

∗n
r ω
∗′m
s

}
, (6)

ωr = eζr = eξr+iηr , ω′s = eξ
′
r+iη′s ,

(ω+, ω−) =

{
(ωr , ω

′
s), for ξr ≥ ξ′s

(ω′s , ωr ), for ξr ≤ ξ′s
(7)
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Neumann Functions for Closed String

SC mapping in Witten’s cubic string theory:

e−ζr =
ar

(zr − Zr )
+
∑
n=0

c(r)n (zr − Zr )
n. (8)

C̄ rs
00 = ln |Zr − Zs |, for r 6= s.

C̄ rr
00 = ln ar .

From reality condition of the Green’s function G (ρr , ρ
′
s) = G (ρr , ρ

′
s)∗,

C̄ rs
nm = C̄ rs∗

−n−m.

C̄ rs
n0 = C̄ sr

0n = 1
2 N̄

rs
n0 = 1

2n

∮
Zr

dz
2πi

1
z−Zs

e−nζr (z), n ≥ 1.

C̄ rs
n−m = C̄ rs

−nm = 0.

C̄ rs
nm = C̄ rs

−n−m = 1
2 N̄

rs
mn = 1

2nm

∮
Zr

dz
2πi

∮
Zs

dz ′

2πi
1

(z−z ′)2 e
−nζr (z)−mζ′s(z ′),

n,m ≥ 1. (Neumann function for open string ).
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Three-Graviton Scattering Amplitude (proper-time)

A[3−graviton] is precisely the three-graviton interaction term which may be
obtained from the Einstein’s gravity action.

A[3−graviton] = κ

∫ 3∏
i=1

dp(i)δ

(
3∑

i=1

p(i)

)
hµ1ν1(p(1))hµ2ν2(p(2))hµ3ν3(p(3)){
ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2

}
{
ην1ν2p(1)ν3 + ην2ν3p(2)ν1 + ην3ν1p(3)ν2

}
where κ = g

27·3 =
√

32πG10.

Gravity = Gauge × Gauge
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Classical Solutions with D-Brane Sources: Black Hole-Double

Copy : K. H. Lee and TL

S = 〈Φ|KΦ〉+
g

3

(
〈Φ|Φ ◦ Φ〉+ 〈Φ ◦ Φ|Φ〉

)
.

Classical equation of motion with a D-brane source, JD

KΦ + gΦ ◦ Φ = JD .

Perturbative solution in the weak field limit

Φ =
1

K
JD −

g

K

{
1

K
JD ◦

1

K
JD

}
+ · · ·

+ + +
...
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Construction of Identity Vertex for Closed String

I [X (σ)] = 〈X (σ)|I 〉 =
∏

π
2
≤σ≤π

∏
−π≤σ≤−π

2

δ (X (σ)− X (π − σ)) (9)

ω =

(
1 + ieζ

1− ieζ

)2

, z = −i ω − 1

ω + 1
, − π ≤ η ≤ π. (10)

-p/2
p/21

p

-p

0

s

p-s
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Construction of Identity Vertex for Closed String: ω and z
- complex planes
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Two-String Vertex for Closed String: ω-complex plane

-p/2 p/2

,p-p

0

p/2
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p, -p
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Two-String Vertex for Closed String: z-complex plane
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Cubic Vertex for Closed String

(Ψ1 ∗Ψ2) [X (σ)]closed =

∫ ∏
−π≤σ≤−π

2

∏
π
2
≤σ≤π

DX (1)(σ)

∏
0≤σ≤π

2

∏
−π

2
≤σ≤0

DX (2)(σ)
∏

−π≤σ≤−π
2

∏
π
2
≤σ≤π

δ
[
X (1)(σ)− X (2)(π − σ)

]
Ψ1[X (1)(σ)]Ψ2[X (2)(σ)], (11)

p

0 2

3

-p

p/2-

p/2

p/2- p/21

p-p

0

p/2
p/2-

0

p -p
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Cubic Vertex for Closed String: z-complex plane
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Cubic Vertex and Cubic Gauge Coupling

|V Closed
[3] [1, 2, 3]|0〉 = exp

{
2

3∑
r=1

ln
8

3

((
p(r)
)2

2
− 1

)}∏
r<s

|Zr − Zs |2p
(r)·p(s)

exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs

nm

α
(r)†
n

2
· α

(s)†
m

2
+
∑
n≥1

N̄ rs
n0

α
(r)†
n

2
· p

(s)

2

)}

exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs

nm

α̃
(r)†
n

2
· α̃

(r)†
m

2
+
∑
n≥1

N̄ rs
n0

α̃
(r)†
n

2
· p

(s)

2

)}
|0〉 (12)
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Cubic Vertex and Cubic Gauge Coupling

|Ψ1,Ψ2,Ψ3〉 =
3∏

r=1

{
hµν(pr )α

(r)µ
−1 α̃

(r)ν
−1

}
|0, 〉 (13)

three-graviton-scattering amplitude A[3]:

A[3] = κ

∫ 3∏
i=1

dp(i)δ

(
3∑

i=1

p(i)

)
hµ1ν1(p(1)) hµ2ν2(p(2)) hµ3ν3(p(3)){

ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2
}

{
ην1ν2p(1)ν3 + ην2ν3p(2)ν1 + ην3ν1p(3)ν2

}
(14)

where κ =
√
3g

218
=
√

32πG10. This is precisely the three-graviton-scattering
amplitude of the Einstein gravity

Taejin Lee (KNU) Danang.2023 Danang, Feb. 24, 2023 26 / 27



Conclusions and Discussions

1 Breaking of BRST symmetry. Gauge invariance of Witten’s cubic
string (open/closed) string theory. Witten’s extended BRST
invariance may not be fundamental. (not imposed by constraints)

2 Double copy interpretation of four-graviton scattering amplitude

3 Classical solutions with Dp-brane sources
⇒ Construction of black hole solutions and AdS spaces in the string
field theory ⇒ Double copy interpretation

4 One-loop closed string field theory and its double copy interpretation.

5 Double copy extensions to the BRST ghost sector .

6 Extensions to Super-symmetric theories
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