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Comments on Quantum Chaos and Complexity

Layer 2 Layer N
(2) y(1) 1) (N}
. = AWy 9
' j::fS 2’ A F = fip™
—(g 75—, !
—CF R0
N =
A
T — e —
- The Triumph of ‘T;;:“- Yo A ‘aal
Deep :
) For fun,

Learming! .~
. g

Let’s ask Al (Artificial Intelligence)



https://hanja.dict.naver.com/hanja?id=8155

Al-painter “MidJourney” wins 1st prize at Colorado State Fair

“Space Opera Theater” by Midjourney



? Midjourney

>N
=
X
9
O
&
O
O
d
C
O
(7p)
O
O
i e
O
&
-
i
c
O
-
@,




[
Quantum Chaos

What is quantum chaos? ChatGPT

44 (6). PP (0)} s = } ‘j‘l W o
7(0) Quantum chaos is a field of physics that studies thebehaviorof quatum_

y a2
—([¢(®),2'(0)] ). systems that are classically chaotic. Classically chaotic systems are those

—((VE), W)}z ~ M that exhibit sensntlvedependence on initial conditions, meaning small

. changes in the initial conditions Iead to vastly dlfferent outcomes over time.
Out-of-time-order correlator

(OTOC)
In quantum mechanics, chaotic behavior can manifest in the statistical

Level spacing statistics
" , . ~— properties of the system s energy spectrum or in the time evolutlon of |ts

T\, Pasien NDE
s 1726 spaangs

wav'efuncionT'hyé Stu of quén‘tUm chaio IS concrndullth

understandmg how the behavior of the system changes as classical chaos is

0sE

introduced or increased, and how this behavior can be observed and

measured experimentally.

Random Matrix Theory
Quantum chaos has applications in various fields, including solid-state

Thermalization
(ETH, Quantum device)
Quantum black holes

Quantum gravity the connections between classmal and guantum physics.

physics, gquantum computing, and quantum information theory. It has also

led to new insights into the fundamental nature of quantum mechanics and




Comments on Quantum Chaos and Complexity

Now

Let’s get more serious


https://hanja.dict.naver.com/hanja?id=8155

= I‘_f<1v > hep-th > arXiv:2405.11254

High Energy Physics - Theory

[Submitted on 18 May 2024 (v1), last revised 3 Jun 2024 (this version, v2)]

Spread and Spectral Complexity in Quantum Spin Chains: from
Integrability to Chaos

Hugo A. Camargo, Kyoung-Bum Huh, Viktor Jahnke, Hyun-Sik Jeong, Keun-Young Kim, Mitsuhiro Nishida

= I'(lV > hep-th > arXiv:2407.17054

High Energy Physics - Theory

[Submitted on 24 Jul 2024 (v1), last revised 26 Jul 2024 (this version, v2)]

Krylov complexity as an order parameter for quantum
chaotic-integrable transitions

Matteo Baggioli, Kyoung-Bum Huh, Hyun-Sik Jeong, Keun-Young Kim, Juan F. Pedraza



[Reminder]

Quantum Chaos
Why?



[Reminder]
Quantum Chaos

h—0
Classical Chaos >< Quantum chaos
>

“Quantum” is more fundamental. “Classical” is approximation.
Quantum chaos may exist even without classical counter part.

We do not need to stick to classical concept.



Who is the first raising the issue of quantum chaos
In physics literature?






| have thought a hundred times as much about the quantum problems as | have about general relativity.
1905: Photon concept
1916: Quantum theory of radiation
1917: Quantum chaos

1925: Bose-Einstein condensation

1935: EPR paradox



First identification of the problem of quantizing chaotic motion

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Gesellschaft, Verhandlungen 19 (1917) 82-92.

EIWIR I

Before Schréodinger equation (1926)

434 DOC.45 QUANTUM THEOREM

Doc. 45

ir- 82) On the Quantum Theorem of Sommerfeld and Epstein
by A. Einstein
(Presented at the session of May 11)
(cf. above, p. 79)

§1. Previous Formulation. There is hardly any more doubt that the quantum condition
for periodic mechanical systems with one degree of freedom is (after SOMMERFELD
8] and DEBYE)

[rda = [p %t = nh. (1

Non-integrable (chaotic) —> How to quantize?

Non- chaotic — How to thermalize in quantum system?

Not ergodic?



First identification of the problem of quantizing chaotic motion

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Geselischaft, Verhandlungen 19 (1917) 82-92.

EIWIR I

Forgotten for 55 years
And
Rediscovered (independently) in 1971

M. C. Gutzwiller, Periodic orbils and classical quantizalion conditions, Journal of

Mathematical Physics 12 (1971) 343.

EWIR I

Regular and irregular spectra

I C Percival

Joint Institute for Laboratory Astrophysics, Universily ol Colerado, Boulder,
Colorado, 80302+
Physics Department, University of Stirling, Stirling. Scotland?

Received 6 August 1973

e

I, = (m, \-constant)ii.

Apari from the phase space formulation and the possibility of a non-zero constant
(Kelier 1958) this result is to Einstein (1917).
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History of quantum chaos

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Geselischaft, Verhandlungen 19 (1917) 82-92.

EIWIR I

M. C. Gutzwiller, Periodic orbils and classical quantizalion conditions, Journal of

Mathematical Physics 12 (1971) 343.

Michael Berry
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History of quantum chaos

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Geselischaft, Verhandlungen 19 (1917) 82-92.

LU
M. C. Gutzwiller, Periodic orbils and classical quantizalion conditions, Journal of

Mathematical Physics 12 (1971) 343.

M.V. Berry and M. Tabor, Level clustering in the regular spectrum, Froc. Hoy. Soc.
A 356 (19772 373-3941.

M.V. Berry, Quantizing a classically ergodic system: Sinai’s billiard and the KKR
method, Ann. Phys. 131 (1981) 163-216.

BGS coniecture 0. Bohigas, M.-I. Giannoni and C.Schmit, Characterization of chaotic quantum
| spectra and universality of level fluctuation laws, Phys. Rev. Lett. 52 (1984) 1-4.

LSRN

Berry Tabor conjecture

Michael Berry
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History of quantum chaos
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LSRN

Berry Tabor conjecture

Michael B
ichaetl berry Q_ook at the energy level instead of the classical pCIﬂ‘D




History of quantum chaos

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Gesellschaft, Verhandlungen 19 (1917) 82-92.

EIWIR I

M. C. Gutzwiller, Periodic orbils and classical quantizalion conditions, Journal of

Mathematical Physics 12 (1971) 343.

Berry Tabor conjecture M.V. Berry and M. Tabor, Level clustering in the regular spectrum, Froc. Hoy. Soc.

A 336 (1977) 375-394.

L3
.v\ '-, ’r
AR L

| BGS coniecture 0. Bohigas, M.-I. Giannoni and C.Schmit, Characterization of chaotic quantum
L ) | spectra and universality of level fluctuation laws, Phys. Rev. Lett. 52 (1984) 1-4.

LSRN

M.V. Berry, Quantizing a classically ergodic system: Sinai’s billiard and the KKR
method, Ann. Phys. 131 (1981) 163-216.

Gook at the energy level instead of the classical pq’rID

Sinai Billiard (classical) Sinai Billiard (quantum)

p‘:x] - | g aa | LS B e e G v '_r"‘
‘\\ (a) Sinai’‘s billiard |

Michael Berry
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History of quantum chaos
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Mathematical Physics 12 (1971) 343.

M.V. Berry and M. Tabor, Level clustering in the regular spectrum, Froc. Hoy. Soc.

A 356 (19772 375-391.
" M.V. Berry, Quantizing a classically ergodic system: Sinai’s billiard and the KKR
method, Ann. Phys. 131 (1981) 163-216.

BGS coniecture 0. Bohigas, M.-I. Giannoni and C.Schmit, Characterization of chaotic quantum
| spectra and universality of level fluctuation laws, Phys. Rev. Lett. 52 (1984) 1-4.

Berry Tabor conjecture

LSRN

Michael Ber
ichaetl berry Q_ook at the energy level instead of the classical pa’rD

Single particle in a cavity

/COE distribution

s =0 1 2 3 4
Z. Rudnick, Notices of the AMS 55 (2008), p. 32.
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History of quantum chaos

A. Kinstein, Zum quantensatz von sommerfeld und epstein, Deutsche physikalische
Geselischaft, Verhandlungen 19 (1917) 82-92.

EIWIR I

‘- —

Heavy nuclei N\ pusen o
1726 spacings
|
Wigner E. Wigner, Ann. of Math. 62 (1955), pp. 548-564 - ) Ll
: 05} |
Hopeless to predict the exact energy levels _ ot
of complex systems such as large nuclei _
Focus on statistical property ¥ ;
Property of random matrix i L ; |
1
\ chaotic? /
Berry Tabor conjecture M.V. Berry and M. Tabor, Level clustering in the regular spectrum, Froc. Roy. Soc.

A 356 (1977) 375-394.

M.V. Berry, Quantizing a classically ergodic system: Sinai’s billiard and the KKR
method, Ann. Phys. 131 (1981) 163-216.

0. Bohigas, M.-I. Giannoni and C.Schmit, Characterization of chaotic quanfum
spectra and universality of level fluctuation laws, Phys. Rev. Lett. 52 (1984) 1-4.

WP

BGS conjecture
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Random matrix theory

Random matrix |

V.
ﬁ;[el V2

Vv &1, g2, and V from a Gaussian distribution with zero mean and variance ¢
€2

V2

Eigenvalues |

el + € 1
[ er 2t o/ler— e + 2V
Statistics of level separation | P(E, — By =w) = P(w)
1 g2 +e24V?
Pw)= ——=— [ ds| [ de. dfa( —eo)? 2"2—w) _aTe
( ) (271_)5‘/203 /d l/ Ez/ | \/(E| £2)% + 2V exp 952
W w2 ng = Hj.,-
952 TP | T2 GOE (Gaussian orthogonal ensemble), time reversal symm.
. 2 H;; = H3;
~ 2/7 (02)3;’2 CXP T2 GUE (Gaussian unitary ensemble), no time reversal symm.

Wigner Surmise Wigner-Dyson distributions



[Reminder]
Quantum Chaos

h—0
Classical Chaos >< Quantum chaos
>

“Quantum” is more fundamental. “Classical” is approximation.
Quantum chaos may exist even without classical counter part.

We do not need to stick to classical concept.



[Reminder]
Quantum Chaos

h—0

Classical Chaos ><
>

19

Quantum chaos

/ 7’ 054

_-Poisson NDE

1726 spacngs

“Quantum” is more fundamental. “Classical” is approximation.

Quantum chaos may exist even without classical counter part.

We do not need to stick to classical concept.




[Reminder]
Quantum Chaos

h—0
] <
Classical Chaos Quantum chaos
HRK—
10 . —
p |
- Poisson NDE
. ’ 1726 spacangs
dq(t)
II /’ 054 “l ™
'l ’ | GOE
R 1
/':_:.o -

No time? Can we see the time-dynamics?
Whose time dynamics in what sense?

- “How fast” do the operator or state spread (get scrambled) in the “Krylov space™?



Holography

Infinitely strong interaction ~ universality ~ black hole
Maximally chaotic ~ universality ~ black hole

~ random (matrix)



Krylov Complexity
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The time evolution of an operator O by a time independent Hamiltonian H |

80(t) =1 [H,O(1)]

Ot) =" O0) e+ Baker-Campbell-Hausdorff (BCH) formula e*Ye # :ZLZ;:!Y
n=0
. it)? (it)®
o) =0, itim,0 + im0 Wm0 ) -
: . LA A A L A
ex) 1D spin chain _(V/ e e

H == (ZiZi + gXi + hiZy)

_ t it?
Zh(t) = Zr + it|H, Zh | — 2—||H,|H-.Z1| | — §|H=|H3|H,ZI| ]+

|11, Z| ~Y,
(H,[H. Z,]] ~Y1 + X, Z,
[H,[H,[H, Z]]] ~Y1 + Vo X, + Y1 7,
[H.[H,[H,[H.Z\]]]] ~ X0 + Y1+ 21 + X\ Xo + Yo+ 2125 + X1 22+
+ Z3Y) + Y124, Y, + Z, Xo X + XoZ3 X




The time evolution of an operator O by a time independent Hamiltonian H |

80(t) =1 [H,O(1)]

Ot) =" O0) e+ Baker-Campbell-Hausdorff (BCH) formula e*Ye

' zt@ (”) H, |H, o@ ) EH H, |H(’)|D
O(t) = (z;') O, = LrO0). L:=[H,]

'r—("

ex) 1D spin chain —%’) \:, ¢ \/:\ ; ; ;_

H == (ZiZi + gXi + hiZy)

_ t* it?
Z](t)=71+?f|H,ZII—j|H,|HZ1II— IH |H |H 7]|||+

|11, Z| ~Y,
(H,[H. Z,]] ~Y1 + X, Z,
[H,[H,[H, Z]]] ~Y1 + Vo X, + Y1 7,
[H.[H,[H,[H.Z\]]]] ~ X0 + Y1+ 21 + X\ Xo + Yo+ 2125 + X1 22+
+ Z3Y) + Y124, Y, + Z, Xo X + XoZ3 X




The time evolution of an operator O by a time independent Hamiltonian H |

80(t) =1 [H,O(1)]

Ot) =" O0) e+ Baker-Campbell-Hausdorff (BCH) formula e*Ye * = E

’ 3
. zt@ (”) H, |H, o@ )EH, H,|H,(’)|D|
O(t) = (z;') = L"O(0). L:=[H, ]

'r—f'

The set of operators {0 } defines a basis of the so-called Krylov space associated to the operator ©
Regard the operator as a state ® — | ®) in the Hilbert space of operators

Inner product: Wightman inner product |

1
Zg

(A|B) := (ePH/2 Al SHIZBY, = — Ty(e #H/2ATe SH2B) Zs =Tr(e ")

Krylov basis | (O0]0,) = dmn  (Lanczos algorithm: Gram—Schmidt procedure)

Dp) = |Op) == |O(0)) {b,}: Lanczos coefficients
Q) :=b 1£|‘f)0) by := ((’50[,|£(§0)1/2
O,) :=b'|A,) b, = (A.|A,)Y?

117;) . L:lon—l) bn—lloﬂ—Q)



The time evolution of an operator O by a time independent Hamiltonian H |

r N 4 ) % x h
8,0(t) =i [H,0(1)] AOW) =illOW)  o@) =Y "e.0) 3 e =1

: L , : n=0 n=0
|0t =" 0(0) \ O(t) = e 0(0) “probability amplitudes”

i1)? (it)3
O) =0, 1 itlH,0 1 o) [H,1H,0] 1 |1, 57O -

o0=-3 "o, 6.- o0 -

=)

The set of operators {0 } defines a basis of the so-called Krylov space associated to the operator ©
Regard the operator as a state ® — | ®) in the Hilbert space of operators

Inner product: Wightman inner product |

1
Zg

(A|B) := (ePH/2 Al SHIZBY, = — Ty(e #H/2ATe SH2B) Zs =Tr(e ")

Krylov basis | (On|0,) = dun  (Lanczos algorithm: Gram—Schmidt procedure)

Dg) == |Op) = |O(0)) {b,}: Lanczos coefficients
0) =B LIO) by i= (oLl CON?
O,) = b;"|An) b, = (A,|A,)?

/11),) . Elon—l) bn—lloﬂ—Q)



Discrete “Schrodinger equation” |

| ¢
a,0(t) =i [H,0(1)] “probability amplitudes” ¥ _ [¢a(®)]* =1

D P D
l l n=0 1@0 »00[ 102 T
. R - W \ - “ 9> ° g° -
| O(t)) = iL]O(1)) O(t)) = Zz @n (1) Or) eanl(t) =1 ™0,|0(1) o An X2
Qo A bt
0 b 0 0 \ e ot * o
b] 0 b?_ U e N -
0 by 0 by ---
(S Bl L I o
0 0 by 0 bném, 1+‘bn+1(s ,n+1 .
. . . " " /—M
v \: S ) £o(t) = bp_1(t) —byipa(t)

d n(t) . » V— o — 21(t) = bigo(t) — t
Eol)  bpur(®) = buni@n(®) @ul0) = dng w1 =0=thy A= healt) = bea(t)

a quantum-mechanical particle on a 1- dimensional chain. Enlt) = bpen1(t) = bpi1nr1(t)
bn = hopping amplitudes

b .- b,
Ob10b20b3040 — t=035
¥o Y1 Y2 ¥3 $a - Pn Tt 1:
— = 2:0
Krylov complexity | average position over the chain §j§§
Ko(t) := (O(t)n|O1)) = ) nlen(®) | o~
"0 s

o0 100 a0
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Auto-correlation function | Ct) = IV (1) = ¢y (t) Power spectrum | Y (w)

C(t) = (O1)|O0)) = eo(t) T
— (e IBDE O () 1 IHDEE(0)) 1% () 22_”[_00 dw e~ ¥ (w)
= (Ot —18/2)0(0)) s =TIV (¢) .

() =Te(e P ) /Tr(e”H)

Moments | Mo,

. - (56) on 1 d2n [IW' (t)
Wy p— \ . =
H ‘\t) . E /-5271 (2)])! M— d 2:2]‘; dtgﬂ

=0 ' 27

Lanczos coefficients from moments |

2n 2
bl .. bn — (lell (/"4 { j)(_lgi’ji‘n

jy = b7, pg = by + bibs.

(5-1) (-2)
G METY Mg
[ Ma =T
-1 -2

by =/ My

2 2

with [—3,....1n,

MY =pm , by=ho:=1 ., MSV=0.




fW(a)) > Uy

(@) =

A | bt 2 =
_J do e—lwth(a))

27 C oo det (u'i—.‘l')Og'i,ji{n

v v
C() =TT (1) = (1) b,
K-complexity l
—0

Po(t) = b1 (t) —byoa(t)
©1(t) = bupo(t) — bawa(t)

Sf’"n(t) - bncpn—l(t) - bn—l—l%‘on—kl(t)

Nmax

Ko(t)=>_n len(t)|®,  Pmax = 200.

n=1



Success in lattice systems



Universal operator growth hypothesis 1812.08657: Parker et al.

b,, ~ n‘s = fW(a)) ~ exp(— |w / w0|1/ ¢ ) /D S. Lubinsky, “A survey ol general orthogonal polyno\
mials for weights on finite and infinite intervals,” Acta
0 <1 Applicandae Mathematica 10, 237 296 (1987).

30 - A. Magnus, “The recursion method and its applications:
05 - —— SYK Proceedings of the conference, imperial college, london,
X in XX england september 13 14, 1984,” (Springer Science &
20 - XXX \ Business Media, 2012) Chap. 2, pp. 22 45.
Ising can©
£15 - ‘ 1ptes
10 - /Signalur(?t-; of chaags in time series generated by\
Froe many-spin systems at high temperatures
2 7 / Tarzk A. Elsayed, Serjemin Hess, ard Boris V. Fine
0 Pays Rev. E 90, 022910 - Published 20 August 2014
’ 1] 1 1 T T
) o, 20 \fW(a)) ~ e “ s asignature of classical chaos /

Universal operator growth hypothesis |

\ the slowest possible decay of the power spectrum

||

In a chaotic quantum system fW(a)) o

Lanczos coefficients {bp} grow as fast as possible

Krylov complexity grows exponentially

b, ~ an

\ / Ko(t) ~ elat

(fW(a))Ne‘”'zﬁ' = b ~an Ko(t)~e20‘>




bn ~ n° = V() ~ exp(—|w/wo|'/®)
§ <1

== SYK

(), (0)}pg = |3;1}E(t)))‘ A

—([¢" (), ()]s
Free —(V({E), W(O)}s  ~ M

Universal operator growth hypothesis |

\ the slowest possible decay of the power spectrum

||

In a chaotic quantum system fW(a)) o

Lanczos coefficients {bp} grow as fast as possible

Krylov complexity grows exponentially
b, ~ an

\ / Ko(t) ~ elat

(fW(a))Ne‘”'zﬁ' = b ~an Ko(t)~e2"‘>




Complexity of state



Complexity of a state |

i0|4p(8)) = H|(t))

|1/),n

o
[9:(t)) = Z

|A.,,..,+1} = {H - an)lKn} - b'.'¢|-[{'u,—l:>

V172

an = <K-n|H|Kn) bn — \!1 | '1 ’ =
KoY = [2(0)), |K,) =0 "4, b=0.

[6(8)) = D wa()|Kn)

Spread complexity

- Z 'n|%.(t) |2 .

L

C(t) =) npu(t)
“ Crus(0 3= W‘é"" [Co [‘1‘)3

by = H™15(0)).

/aObIO 0
by ay by --- 0
0b2a2-~- 0

br—1

\0 0 0 by aL—l)

Q BB
L\OO L‘c\ L\o‘l ®
B 3 B
L\‘o k1\I L\n

h8 \n?l e, e

A4
.



Spreqcl complexi’ry 2202.06957: Balasubramanian et al.

Complexity of a state |

t=0 t=1000 t=2000 t=3000 t=4000

0.006

latl’l,d(t)) = le(t» 0.004 1

0.002 ‘ |
(aO by 0 --- 0 \ 0.000
0

t=5000 t=6000 t=7000 t=8000 t=40000
by a; by --- 0.006
H = 0 b2 as -*-- 0 0.004 -
T T 0.002 Lt |
\0 O 0 bL_l aL_l) OOOO‘M‘ M m m
o 2500 0 2500 0 2500 0 2500 0 2500
Id’(t)} — E wn(t)IKn) 0.6 1
T 0.5
=> 04
. ~
Spread complexity T 03
O
0.2
14 _— : / ' N2
C(t) = E np,(t) = E n|v.(t)]°. 0.1-
T n 0.0 - = f=10
0.0 05 1.0 1.5 2.5 3.0 3.5 4.0



Complexity of a state |

i0|4p(8)) = H|(t))

a()bl 0 --- 0
(bl ay b2 O\

H = 0 bgaz 0
Dol T b
\0 0 0 b1 ary)

[6(t)) = ) Un(t)|Kn)

Spread complexity

Ct)=> npu(t) = nlp(t)?.

L

Survival amplitude |

S(t) = (@(t)[4(0)) =

Mm, =

dn.
dtn

S5(t)

t=0

= (Ky|(¢H)"

= ((0) 7~

>\

0} -

ar
dfm

(W(0)|e!*}2(0)}

e y(0))

i=0



[9s(L)) = e g = [Wp2ie) 01-
0.0
| , YA
S(t) = (Yeqou|vp) = g :
5 = GUE = uncorrelated
-2 -
SFF 5 — 2=t T
L—it IZ/S‘Q : ) -6
o g
o
-10 1
12 -
0 2 4 6 8 10 12 14
log(t N
Survival amplitude | 290 = =
= E =
= = ==
— ol Iy — fai iHT, 0 \ = — S—
S(t) (Zp(t)hr’(o)) {Q(O)le |I‘ (O)f Observqﬁons for RMT, SYK % % %
4n o Universal for Maximal chaos? Why? = — =—
‘ akd ™) = = =
pn = 25 = (@(0) e (0)) What if not TFD = = =
' =0 ) t=0 = = =
= (Kol (iH)" | Ko) = = =
) ® @



