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Comments on Quantum Chaos and Complexity

For fun,  

Let’s ask AI (Artificial Intelligence)

22

https://hanja.dict.naver.com/hanja?id=8155


“Space Opera Theater” by Midjourney

AI-painter “MidJourney” wins 1st prize at Colorado State Fair

33



Quantum chaos and complexity

Midjourney 
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Quantum Chaos

Level spacing statistics 

Thermalization 
(ETH, Quantum device) 
Quantum black holes 

Quantum gravity

Out-of-time-order correlator  
(OTOC) 

Random Matrix Theory
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Comments on Quantum Chaos and Complexity

Now 

Let’s get more serious

66

https://hanja.dict.naver.com/hanja?id=8155
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Spread complexity 2202.06957: Balasubramanian et al.
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[Reminder] 
Quantum Chaos 

Why?



Classical  Chaos Quantum chaos
ℏ → 0

“Quantum” is more fundamental. “Classical” is approximation. 
Quantum chaos may exist even without classical counter part. 
We do not need to stick to classical concept.
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[Reminder] 
Quantum Chaos



Who is the first raising the issue of quantum chaos 
In physics literature? 
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I have thought a hundred times as much about the quantum problems as I have about general relativity. 

1905: Photon concept 

1916: Quantum theory of radiation 

1917: Quantum chaos 

1925: Bose-Einstein condensation 

1935: EPR paradox
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First identification of the problem of quantizing chaotic motion

How to quantize?Non-integrable (chaotic)

Before Schrödinger equation (1926)

Non- chaotic
Not ergodic?

How to thermalize in quantum system?
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First identification of the problem of quantizing chaotic motion

Forgotten for 55 years 
And 

Rediscovered (independently) in 1971
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History of quantum chaos

Michael Berry
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History of quantum chaos

BGS conjecture

Berry Tabor conjecture

Michael Berry
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History of quantum chaos

BGS conjecture

Berry Tabor conjecture

Michael Berry Look at the energy level instead of the classical path
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History of quantum chaos

BGS conjecture

Sinai Billiard (classical) Sinai Billiard (quantum)

Berry Tabor conjecture

Michael Berry Look at the energy level instead of the classical path
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History of quantum chaos

BGS conjecture

Berry Tabor conjecture

Michael Berry Look at the energy level instead of the classical path

Single particle in a cavity
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History of quantum chaos

BGS conjecture

Berry Tabor conjecture

Heavy nuclei

Wigner 
Hopeless to predict  the exact energy levels  
of complex systems such as large nuclei 
Focus on statistical property 
Property of random matrix

chaotic?
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Random matrix theory

Random matrix

Eigenvalues

Statistics of level separation

GOE (Gaussian orthogonal ensemble), time reversal symm. 

GUE (Gaussian unitary ensemble), no time reversal symm.

Wigner-Dyson distributionsWigner Surmise



Classical  Chaos Quantum chaos
ℏ → 0

“Quantum” is more fundamental. “Classical” is approximation. 
Quantum chaos may exist even without classical counter part. 
We do not need to stick to classical concept.
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[Reminder] 
Quantum Chaos



Classical  Chaos Quantum chaos
ℏ → 0

“Quantum” is more fundamental. “Classical” is approximation. 
Quantum chaos may exist even without classical counter part. 
We do not need to stick to classical concept.
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[Reminder] 
Quantum Chaos



Classical  Chaos Quantum chaos
ℏ → 0

No time? Can we see the time-dynamics? 
Whose time dynamics in what sense? 
- “How fast” do the operator or state spread (get scrambled) in the “Krylov space”?
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[Reminder] 
Quantum Chaos
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Infinitely strong interaction       ~ universality  ~ black hole 
Maximally chaotic                   ~ universality  ~ black hole

~ random (matrix)

Holography



Krylov Complexity
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Contents

Short Review on Krylov Complexity 

- Operator growth 

- Krylov space 

- Lanczos coefficient 

   -  Krylov complexity 

Success in lattice systems 

Towards field theory 

- Too good to be true 

- How to extract info from the power spectrum 

  (IR/UV cutoff effect)

Cornelius (Cornel) Lanczos (1893-1974):  
a Hungarian-American and later Hungarian-Irish 
mathematician and physicist.

Aleksey Nikolaevich Krylov (1863 –1945) 
a Russian naval engineer, applied mathematician 

1994
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ex) 1D spin chain

Operator growth

The time evolution of an operator O by a time independent Hamiltonian H

Baker-Campbell-Hausdorff (BCH) formula 

1812.08657: Parker et al.
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ex) 1D spin chain

Operator growth

The time evolution of an operator O by a time independent Hamiltonian H

Baker-Campbell-Hausdorff (BCH) formula 

1812.08657: Parker et al.
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Operator growth

The time evolution of an operator O by a time independent Hamiltonian H

Baker-Campbell-Hausdorff (BCH) formula 

1812.08657: Parker et al.

The set of operators         defines a basis of the so-called Krylov space associated to the operator 
Regard the operator as a state               in the Hilbert space of operators 

{𝒪̃n} 𝒪
𝒪 → |𝒪)

(Lanczos algorithm: Gram–Schmidt procedure) 

Inner product: Wightman inner product

Krylov basis

: Lanczos coefficients  {bn}
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Operator growth

The time evolution of an operator O by a time independent Hamiltonian H

1812.08657: Parker et al.

The set of operators         defines a basis of the so-called Krylov space associated to the operator 
Regard the operator as a state               in the Hilbert space of operators 

{𝒪̃n} 𝒪
𝒪 → |𝒪)

(Lanczos algorithm: Gram–Schmidt procedure) 

Inner product: Wightman inner product

Krylov basis

: Lanczos coefficients  {bn}

“probability amplitudes” 
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Krylov complexity

Krylov complexity

Discrete “Schrodinger equation”

“probability amplitudes” 

bn = hopping amplitudes 
a quantum-mechanical particle on a 1- dimensional chain. 

average position over the chain 

1812.08657: Parker et al.
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Short Review on Krylov Complexity 

- Operator growth 

- Krylov space 

- Lanczos coefficient 

   -  Krylov complexity 

Success in lattice systems 

Towards field theory 

- Too good to be true 

- How to extract info from the power spectrum 

  (IR/UV cutoff effect)

Cornelius (Cornel) Lanczos (1893-1974):  
a Hungarian-American and later Hungarian-Irish 
mathematician and physicist.

Aleksey Nikolaevich Krylov (1863 –1945) 
a Russian naval engineer, applied mathematician 

1994
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K-complexity from the auto-correlation function 

Auto-correlation function

ΠW(t) =
1

2π ∫
∞

−∞
dω e−iωt fW(ω)

C(t) = ΠW(t) = φ0(t)

Moments

Lanczos coefficients from moments 

fW(ω)

μ2n

1812.08657: Parker et al.

Power spectrum
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Computation method

Lanczos coefficients

C(t) = ΠW(t) = φ0(t)

fW(ω) μ2n

bn

1
2π ∫

∞

−∞
dω e−iωt fW(ω)

ΠW(t) =

K-complexity

1812.08657: Parker et al.



Success in lattice systems
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Universal operator growth hypothesis

Lanczos coefficients {bn} grow as fast as possible
Krylov complexity grows exponentially 

the slowest possible decay of the power spectrum 
In a chaotic quantum system

bn ∼ αn

fW(ω) ∼ e− π |ω |
2α

Universal operator growth hypothesis

fW(ω)

bn ∼ αnfW(ω) ∼ e− π |ω |
2α ⟺ ⟺

1812.08657: Parker et al.

fW(ω) ∼ e− ω
ω0 Is a signature of classical chaos
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Universal operator growth hypothesis

Lanczos coefficients {bn} grow as fast as possible
Krylov complexity grows exponentially 

the slowest possible decay of the power spectrum 
In a chaotic quantum system

bn ∼ αn

fW(ω) ∼ e− π |ω |
2α

Universal operator growth hypothesis

fW(ω)
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Complexity of state
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Spread complexity

Spread complexity

Complexity of a state

2202.06957: Balasubramanian et al.

H =
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Spread complexity

Spread complexity

Complexity of a state

2202.06957: Balasubramanian et al.

H =
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Spread complexity

Spread complexity

Complexity of a state

2202.06957: Balasubramanian et al.

H =

Survival amplitude
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Spread complexity

Thermo Field Double (TFD) state

2202.06957: Balasubramanian et al.

Observations for RMT, SYK  
Universal for Maximal chaos? Why? 

What if not TFD

Survival amplitude


