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QCD phase diagram:
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It involves strongly interacting matter under extreme conditions.
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Challenges of lattice QCD – costs

[S. Borsanyi, 2018]



It has not been possible to obtain QCD phase diagram directly from QCD!

Lattice QCD: the update algorithm solves the path integral of discretized QCD.

It can give reliable information from the first principle at zero density,
but fails at finite density due to the famous sign problem 

EFT: many low energy effective models have been
proposed to study QCD in certain conditions.

Match lattice QCD data quantitatively?



Searching CEP from EFT

Schwinger–Dyson equation (DSE): 2109.09935, 1607.01675, 1405.4762, 2002.07500.
Nambu–Jona-Lasinio models (NJL, PNJL): 1801.09215, Nucl. Phys. A 504 (1989), 668-684
Functional renormalization group (FRG): 1909.02991, 1709.05654...

2010.13705

The exact location of CEP is still under dispute, and the lattice-QCD results 
disfavors the existence of the QCD Critical Point for 𝝁𝑩 /𝑻 ≤ 𝟑, 𝝁𝑩 < 𝟑𝟎𝟎MeV. 



Holography as a Theoretical Laboratory

Non gravitational system
at strong coupling

Gravitational theory
at weak coupling

Applied holography:

QGP and QCD (drag force, jet quenching, confinement/deconfinement,… ),
Condensed matter (quantum criticality, strange metal, superconductivity,…), 
Quantum Entanglement, Non-equilibrium dynamics…
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Holography as a Theoretical Laboratory

Non gravitational system
at strong coupling

Gravitational theory
at weak coupling

Holographic QCD：

Using holography to tackle non-perturbative QCD problems



❖Top-Down approach: D-brane construction, from superstring

Limited ability to characterize QCD properties as its rigidity

Far from real QCD

Witten-Sakai Sugimoto model [hep-th/0412141, hep-th/0507073]

D3-D7 model [hep-th/0306018]

D4-D6 model [hep-th/0311270]



❖Bottom-up approach: phenomenology

❖Top-Down approach: D-brane construction, from superstring

Limited ability to characterize QCD properties as its rigidity

Far from real QCD

Witten-Sakai Sugimoto model [hep-th/0412141, hep-th/0507073]

D3-D7 model [hep-th/0306018]

D4-D6 model [hep-th/0311270]

Effective models (more freedom), no clear string origin

However, low energy QCD properties are easier to incorporate

Remarkably, these models yield consistent results of low energy hadron physics 
with experiments.



Holographic QGP

from far-from-equilibrium to viscous 
hydrodynamics, to a hadronic gas cascade, 
to the final (measured) particle spectra. 

A fully dynamical simulation:

Wilke van der Schee, 1407.1849

good agreement with head-on 
collisions performed at the LHC 
accelerator.



QCD equation of state at zero 𝝁𝑩

Baryon susceptibility,
Phys.Rev.Lett. 115 (2015) 20, 202301

Speed of sound,
Phys.Rev.Lett. 101 (2008) 131601

A strong indication that holography can make quantitative predictions
for the properties of QCD in non-perturbative regime.



Two recent reviews: Bottom-up approach
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To match the degrees of freedom 
in QCD phase Diagram: 𝜙, 𝐴!

Einstein-Maxwell-Dilaton theory: 

2. Holographic QCD Model

Rong-Gen Cai, Song He, Li Li, Yuan-Xu Wang, 
Phys. Rev. D 106 no.12, L121902 (2022) 
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To match the degrees of freedom 
in QCD phase Diagram: 𝜙, 𝐴!

Break conformal symmetry

Baryon chemical potential

Einstein-Maxwell-Dilaton theory: 

2. Holographic QCD Model

To match lattice QCD simulation
at 𝜇" = 0: Z 𝜙 , 𝑉(𝜙)

Non-perturbative effects are effectively adopted into 𝐙 𝝓 , 𝑽 𝝓 ！

Rong-Gen Cai, Song He, Li Li, Yuan-Xu Wang, 
Phys. Rev. D 106 no.12, L121902 (2022) 



To fix Z 𝜙 and 𝑉(𝜙) is very challenging !

Free model parameters

2. Holographic QCD Model

All parameters are fixed using state-of-the-art lattice QCD data 



Black hole ansatz:

asymptotic expansion at boundary:

Black hole thermodynamics

To solve equations of motion:



Black hole ansatz:

Temperature and entropy

Free energy

Energy and pressure

asymptotic expansion at boundary:

Black hole thermodynamics



Black hole ansatz:

Temperature and entropy

Free energy

Energy and pressure

◆Thermodynamic relation

◆First law of thermodynamics 

𝒅𝝐 = 𝑻𝒅𝒔 + 𝝁𝑩𝒅𝝆𝑩 −𝑶𝒅𝝓𝒔

𝛀 = 𝝐 − 𝑻𝒔 − 𝝁𝑩𝝆𝑩 = −𝑷

Scalar source 𝝓𝒔 will be fixed

Black hole thermodynamics



Naively-expected 1st law of thermodynamics does not hold [1408.0010,1408.1514] 

Thermodynamics of AdS Black Holes with Scalar Hair 



Naively-expected 1st law of thermodynamics does not hold [1408.0010,1408.1514] 

Thermodynamics of AdS Black Holes with Scalar Hair 

Wald formula holographic renormalization

Li Li, Phys. Lett. B 815 (2021), 136123



A. Bazavov et al. [HotQCD], Phys. Rev. 
D 90 (2014), 094503

Equations of state at 𝜇" = 0 :

Fix model parameters by thermodynamics

entropy, trace anomaly, pressure

Lattice data for (2+1)-flavor QCD 



Transport coefficients at 𝜇" = 0 :

Fix model parameters by thermodynamics

specific heat, sound speed, baryon susceptibility

Lattice data for (2+1)-flavor QCD 

A. Bazavov et al. [HotQCD], Phys. Rev. 
D 90 (2014), 094503
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Predictions at finite chemical potential

More challenging to fit 𝜌"

S. Borsanyi, et al., Phys. Rev. Lett. 126
(2021) no.23, 232001

3. QCD Phase diagram and GWs

extrapolate lattice QCD data to finite 𝜇!



Predictions at finite chemical potential

More challenging to fit 𝜌"

S. Borsanyi, et al., Phys. Rev. Lett. 126
(2021) no.23, 232001

extrapolate lattice QCD data to finite 𝜇!

3. QCD Phase diagram and GWs



The chiral condensation:

Left panel: u, d quarks
Right panel: s quark
𝑁$: the number of lattice sites in the imaginary time direction

A. Bazavov et al. [HotQCD], Phys. Rev. D 90 (2014), 094503



Generalized susceptibilities

closely related to various cumulants of the baryon number distribution measured in 
heavy-ion collision experiments 

Z. Li, J. Liang, S. He and Li Li, Phys. Rev. D 108, no.4, 046008 (2023) 
A. Bazavov et al. [HotQCD], 
Phys. Rev. D 95 (2017) 5, 05404 



Compare with STAR data of net-proton distributions 
in 0 − 5% centrality (0% being head-on collisions) 
Au-Au collisions along the chemical freeze-out line 

STAR Collaboration, 2112.00240

Z. Li, J. Liang, S. He and Li Li, Phys. Rev. D 108, no.4, 046008 (2023) 



Z. Li, J. Liang, S. He and Li Li, Phys. Rev. D 108, no.4, 046008 (2023) 



QCD phase diagram from our holographic model

Rong-Gen Cai, Song He, Li Li, Yuan-Xu Wang, 
Phys. Rev. D 106 (2022) no.12, L121902



QCD phase diagram from our holographic model

Rong-Gen Cai, Song He, Li Li, Yuan-Xu Wang, 
Phys. Rev. D 106 (2022) no.12, L121902



QCD phase diagram from our holographic model

𝜇! /𝑇 ≤ 3, 𝜇! < 300MeV was excluded by lattice simulation

A. Bazavov, etc. Phys. Rev. D 95 (2017) no.5, 054504



𝑻𝒄 = 𝟏𝟎𝟓𝑴𝒆𝒗
𝝁𝒄 = 𝟓𝟓𝟓𝑴𝒆𝒗

QCD phase diagram from our holographic model

The predicted location of CEP is within the coverage of future (FAIR, JPARC-HI, 
and NICA) experimental facilities. 



Our location of CEP (𝑻𝒄, 𝝁𝒄) = 𝟏𝟎𝟓, 𝟓𝟓𝟓 𝐌𝐞𝐯 has been supported by recent 
studies.

M. Hippert, et al, Bayesian location of the QCD 
critical point from a holographic perspective, 
[arXiv:2309.00579 [nucl-th]].



Our location of CEP (𝑻𝒄, 𝝁𝒄) = 𝟏𝟎𝟓, 𝟓𝟓𝟓 𝐌𝐞𝐯 has been supported by recent 
studies.

M. Hippert, et al, Bayesian location of the QCD 
critical point from a holographic perspective, 
[arXiv:2309.00579 [nucl-th]].

H. w. Zheng, et al, The effective potential of 
composite operator in the first order region of 
QCD phase transition, 
[arXiv:2312.00382 [hep-ph]].



hQCD model for 2+1 flavors 
with B field 

A. N. Tawfik and A. M. Diab, arXiv:2106.04576 [hep-ph]

Rong-Gen Cai, Song He, Li Li, Hong-An Zeng, 2406.12772



Our model  algorithm

Target: To find a 𝒁𝑩-function that matches the 
thermodynamic quantities from Lattice QCD

holography

Neural Network

Hong-An Zeng
(See talk by Keun-Young Kim) 



exponential slopes and plateaus 
at different values of 𝝓

Neural Network



G.S. Bali, et al, The QCD equation of state in background magnetic fields 
[arXiv:1406.0269 [hep-lat]]

Rong-Gen Cai, Song He, Li Li, Hong-An Zeng, 2406.12772

𝒆𝑩 = 𝟏𝑮𝒆𝑽𝟐 ↔ 𝟏. 𝟔𝟎𝟐×𝟏𝟎𝟏𝟗𝑮𝒂𝒖𝒔𝒔



3D Phase diagram

B=0:
𝑻𝒄 = 𝟏𝟎𝟓𝑴𝒆𝒗,
𝝁𝒄= 𝟓𝟓𝟓𝑴𝒆𝒗

𝝁=0:
𝑻𝒄= 𝟖𝟗. 𝟔𝑴𝒆𝒗,
𝑩𝒄 = 𝟏. 𝟔𝑮𝒆𝒗𝟐

Rong-Gen Cai, Song He, Li Li, Hong-An Zeng, 2406.12772



Rich phase structure

𝝁𝑩 = 𝟓𝟓𝟒. 𝟔𝟔𝑴𝒆𝒗,𝑩 = 𝟎𝑮𝒆𝒗𝟐

𝝁𝑩 = 𝟓𝟎𝟏. 𝟒𝑴𝒆𝒗,𝑩 = 𝟎. 𝟑𝑮𝒆𝒗𝟐

𝝁𝑩 = 𝟎𝑴𝒆𝒗,𝑩 = 𝟏. 𝟔𝑮𝒆𝒗𝟐

Rong-Gen Cai, Song He, Li Li, Hong-An Zeng, 2406.12772
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quantum 
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Induced gravitational wave

Strong first order phase transition will result in the
production of GWs:

bubble collision + sound wave + MHD turbulence

GWs are dominated by sound waves with the 
energy spectrum

𝛼: phase transition strength parameter
𝑣): bubble wall terminal velocity
*
+!
: the inverse time duration of the phase transition 

𝐻,: Hubble rate at the nucleation temperature 𝑇,
𝑔,: the number of degrees of freedom 
𝜅: the fraction of bulk kinetic energy relative to the 
available vacuum energy.

Weir David J. R. Soc. A.376: 20170126(2018)



Induced gravitational wave

Spectral shape and peak frequency

Parameters:

between the false (+) and true (-) vacuums

𝑔, =
-./"
01#2!#

𝑣)= 0.95

Most parameters can be fixed.



Induced gravitational wave

(µ, T, α) = (1000 MeV, 49.53 MeV, 0.33). 
The upper curve in each band is for β/Hn = 2 and the lower curve is for β/Hn = 80.

The GW energy spectrum is within the projected sensitivity of IPTA and SKA

Kai Schmitz, JHEP 01 (2021) 097



Baryon number per entropy is conserved and 
early universe evolves along 𝜇/𝑇~1034

Standard cosmology: from microwave background radiation (CMB) and big bang 
nucleosynthesis (BBN)

𝜂" =
𝒏𝑩
𝒔
~
𝒏𝑩
𝒏𝜸

~
𝝁𝑩
𝑻
~𝟏𝟎%𝟗

[Boeckel and Bielich, 2011]

crossover, no cosmological signals



Baryon number per entropy is conserved and 
early universe evolves along 𝜇/𝑇~1034

Standard cosmology: from microwave background radiation (CMB) and big bang 
nucleosynthesis (BBN)

𝜂" =
𝒏𝑩
𝒔
~
𝒏𝑩
𝒏𝜸

~
𝝁𝑩
𝑻
~𝟏𝟎%𝟗

Is it possible to have a 1st phase transition without contradiction with present data?

[Boeckel and Bielich, 2011]

crossover, no cosmological signals



Is it possible to have a 1st phase transition without contradiction with present data?

Start with 𝜂" ∼ O(0.1) generated by Affleck-Dine baryogenesis

The upper limit for the Affleck-Dine baryogenesis: 𝜂! ∼ O(1) 
[Linde, PLB, 1985]

[hep-ph/0303065]



Phase transition gravitational wave

Our model provides a scenario for phase transition GWs within the Standard 
Model of particle physics. 

𝜼𝑩 =
𝝆𝑩
𝒔

𝝁𝑩 = 𝟏𝟎𝟎𝟎𝑴𝒆𝒗, 𝑻𝒏 = 𝟒𝟗. 𝟓𝟑𝑴𝒆𝒗



GWs from sound wave

(µ, T, α) = (1000 MeV, 49.53 MeV, 0.33). 
The upper curve in each band is for β/Hn = 2 and the lower curve is for β/Hn = 80.

The GW energy spectrum is within the projected sensitivity of IPTA and SKA

Kai Schmitz, JHEP 01 (2021) 097



Recently, independent evidence for detecting a GW background around the nano-Hz 
band has been reported by different PTA observations.

NANOGrav 15yr data
[2306.16213]

The parameter space of the FoPT predicted by our QCD model can be constrained by 
NANOGrav data by assuming that it produces the dominant contribution to the signals. 



Recently, independent evidence for detecting a GW background around the nano-Hz 
band has been reported by different PTA observations.

NANOGrav 15yr data
[2306.16213]

The parameter space of the FoPT predicted by our QCD model can be constrained by 
NANOGrav data by assuming that it produces the dominant contribution to the signals. 

bubble collision + sound wave + MHD turbulence



Posteriors of the four independent model parameters inferred from 
the NANOGrav 15-year data release 

𝜅6 : the efficiency factor of converting the
vacuum energy into the bubble wall motion, 

𝜅7):the efficiency factor of converting the 
released vacuum energy into the fluid motions 

S. He, Li Li, S. Wang and S. J. Wang, 
[arXiv:2308.07257 [hep-ph]].



Energy-density spectra with three different sets of values for the four independent 
model parameters. Violin data points stand for the NANOGrav 15yr observations. 

S. He, Li Li, S. Wang and S. J. Wang, [arXiv:2308.07257 [hep-ph]].



Is it possible to have a 1st phase transition without contradiction with present data?

Little inflation scenario 
at cosmological QCD phase transition

A strong mechanism for baryogenesis + A quasistable QCD-medium state that triggers a 
short inflationary period of inflation diluting the baryon asymmetry to the value observed 
today. 

[Linde, 1985; Kampfer et al., 1986, Borghini et al., 2000]



A little inflation in QCD phase diagram

[Boeckel and Bielich, 2011]

➢Start with 𝜇/𝑇 ∼ O(1) (e.g. Affleck-Dine baryogenesis)

➢ Universe trapped in false vacuum at the 1st  
transition line

➢ Supercooling and dilution with 𝜇/𝑇 = const

➢Decay to the true vacuum state → reheating 
so that 𝜇/𝑇~1034

➢Then standard cosmological evolution to BBN

a few e-folds are enough (standard inflation 
needs N ∼ 50)

Hence 𝑁 = ln 8$
8%

= ln(109) ≈ 𝟕 e-folds is enough
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4. Summary

➢Build a hQCD model to describe real QCD dynamics.

➢ Find good quantitative agreement with lattice data at zero/non-zero 
chemical potential. 

➢ Predict the QCD CEP that agrees qualitatively with effective field results. 

➢ The predicted location of CEP is within the coverage of future 
(FAIR, JPARC-HI, and NICA) experimental facilities. 

➢ Compute the stochastic GW spectrum

Holography is a useful approach to study real hot and dense QCD 
matter in non-perturbative regime.



4. Discussion

It is desirable to further study the non-perturbative features of QCD
dynamics using this holographic model. 

Magnetic field
Isospin
Rotation

…

GWs:
1st phase transition
bubble collisions
PBH
…

New method is necessary: Machine Learning… 



Columbia plot of QCD at 𝝁' = 𝟎

To build effective models to capture the main feature of QCD matter;

Non-perturbative effects are effectively adopted into the model parameters.



Einstein-Dilaton theory: 

To match lattice QCD simulation

QCD at zero chemical potential

Non-perturbative effects are effectively adopted into the model parameters 
by matching with up-to-date lattice QCD data.



Pure Gluon at zero chemical potential

There is a first-order confinement/deconfinement PT at Tc=276.5 Mev !

Song He, Li Li, Zhibin Li, Shao-Jiang Wang, 
Sci.China Phys.Mech.Astron. 67 (2024) 240411

Much simpler than (2+1)-flavor QCD! 𝑐( = 0.735, 𝑐) = 0



2-favor QCD at zero chemical potential

tmfT Collaboration, arXiv:1412.6748 [hep-lat]

Yan-Qing Zhao, Song He, Defu Hou, Li Li, Zhibin Li, 
Phys.Rev.D 109 (2024) 8, 086015



Baryon number density and second-order baryon susceptibility 

S. Datta, R. V. Gavai and S. Gupta, arXiv:1612.06673 [hep-lat].



2-flavor QCD phase diagram
𝑻𝒄 = 𝟏𝟖𝟐𝑴𝒆𝒗
𝝁𝒄 = 𝟐𝟏𝟗𝑴𝒆𝒗
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𝑻𝒄 = 𝟏𝟎𝟓𝑴𝒆𝒗
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2-flavor QCD critical exponents



2-flavor QCD critical exponents



Thank you！


