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Nash theory of gravity and its stability

We have studied the Bianchi type-| universe in the context
of Nash gravity using the Noether symmetry approach.

Here, we study its stability in the
context of some models
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Abstract  This paper deals with e stady of Banchi type-1
aiverse in e coalext of Nash gravity by usiag the Noether
symmeiry approach. We shoelly revist (he Nash (heory of
gravity. We make 2 short rocap of the Noether symme-
try approach and coasider (he geometry for Baachi-type
| model We obtaln the exact pencral solutions of the the-

exiiibiied by e Noclher symmetry. We also

cussing e two cases of viahie scenarios. Swrprisingly, we

find (hat the prod@icos are aicely compatidie with Bose of
the ACDM model

Several cosmological cbservatioas show hal e chservabie
paiverse is inderpoing a phase of acocieraied cxpansion [1-
5]. Regandiag Bie lle-8me cosmic accelention, these ae
al keagt two promising cxplinations, 10 &ie The et ooe
Is 10 introduce e dark encerpy componeal i e unhene
[6]. However, the dark caeqy secior of the univens remains
sl pakaowa. Coaversely, (he second popular sppecach & 1o
intespest this phanomenon by wsing 2 parely aeometeical pic-
toee. The laler is wedl known as the modihiad pravity Modihed
hoories of gravity have reocived more atiention lalsly due
1o mmaroes mothations canging from high-caergy physics,
cosmolngy and asteoplrysics [7-9).

The modfied Beories of pravity can be in principle
achieved from different contexts. One of Be carker modi-
Daatioas to Hindeia's panenal miatvey was knoen s De
Beans-Dicke gravity. la addition 10 e praviational sacioe,
ihis Beory broduced 2 dynamical scalar Nedd o represent &
variabie gravitational constaal [10]. Later il was fooad that
Ihe authoes of Ref. | 11] studiad 2 scalar-ieps theoey of grav-

toann w_u-lmd-
*e-smil devooddd mr.adion
‘o aal Tachats®agcdase

£y i which the metric Is coupled (0 2 scalar ield Reganding
e wock of Ref [11], 2 ‘misstag-mas problem” can be suc-
cesdully described. Morcover, this appeoach can be applied
0 (he Blanchi cosmodogical models.

Aaolter simplest modification to the standand geaeral red-
atvity isthe f(R) eories of gravity in which (he Lagrngisa
density [ s an achitmary fuaction of the scalar carvaloe:
R [1213] Among somerous aliemalives, Dese Deories
ncinde higher onder curvalure Mvarants, soe reviess oa
JUR) theorkes [ 14, 15]. In receal years, 2 oew stimules for Dis
study leads 0 2 numbder of Mierestag results. Notoe thal the
moded with f(R) = R + o R (2 > 0) can lead to the accel-
ealsd expamsion of Bie Universe becasse of e presence
of Be o &% larm. This partscular case Is Bie St moded that
can desoribe cosmic inflabon proposad by Starobiasky [16]
There exists molher @ifferent class of Be modified graviey
Deory, called MOC, which can allematively explain e flal
ro@ton curve of galixies withowt invoking codd dark matier
partcies [17] (sae also receal examination | 18] Likewise,
Jobn Nash has developed an alismalive heory o Bie Fin-
sein's thaoey. The theory has been peoven 10 be Soemally
divepence froe aad considersd © be of interest i constrnct-
g thaockes of queatom gravity.

In coder 10 quealily the exact solutions, & has beca proven
Gl (he Nocther symmetry lachaique proved 1o be very use-
ful not caly 1o fix paysically viable cosmolngical models
Wil respect 0 the conserved guantities, bet also (o raduce
dynamics and achicwe cxact soluions. Moesover, Lhe exis-
teace of Nocther symekries plays orucial roles whea stody-
g quanium cosmodogy [19]. I addition, Bie Noether sym-
melry approach has been amployed o varous cosmological
soenanos 5o far inchadiag the ((77) gravity [20], e f(R)
gravity |36], the alpha-atiraciors [ 304, and others cosmologs-
cal scenanios, e 2. [21-29]. Moreover, the Noether symmetry
approach has been also wilized o study the Hizachi models
137,3€] in order o oblain the exact solutions for polential
foactioas, scaler Nield and Lhe scale Gactors.
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Nash's theory for gravity

Nash theory of gravity marked one of the alternative

theories of gravity.
The theory can be viewed as a modification of GR and

has been considered to be of interest in attempting to
develop theories of quantum gravity.

* Action of Nash gravity: s= | = |¢xy=zerrR, - ).

* Taking into account the action, the
gravitational field can be obtained as:

(0G*" + GYQRIR) — % g" R,z =0,
* where 0O is the d’Alembertian operator, and

GHY = RW — lgﬂl/R
2



Motivation

One of the alternative theories to Einstein’s general theory developed as f(R, RWR”” ).

Divergence-free theory with f(R, RWR”” ) = 2RWR”” — R? although it doesn't have classical Einstein
limits.

Found to have some applications in quantum gravity.

We first derive the equations of motion in the flat FLRW spacetime and examine the behaviors of the

solutions by invoking specific forms of the Hubble parameter.
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Noether symmetry-Recap

e According to the Noether theorem, if there exists a vector field, X,
for which the Lie derivative of a given Lagrangian & , vanishes
, Ly & =XZ =0, the Lagrangian admits a Noether symmetry and
thus yields a conserved current.
0

X ‘(q) 0 + < d ‘(q)
= al(q)— —a —
q g’ dl q aq’

« Where A is an affine parameter. The dot indicates the differentiation
with respect to time, t.



 Any function F(q, é]) IS invariant under the transformation

X (being the symmetry for the dynamics derived by the
Z) if

I E l.()aF (d l())()F 0
= F| —a =
X q 3q! oy q o

Then if Ly = 0 then X is a symmetry for the dynamics
derived by &



e The Noether Theorem states that if

Ly = 0, then the constant of motion
function:



Bianchi-l Universe

* The Bianchi Type | line-element in coordinates x* = (t,x,y,2) IS
ds? = — di* + A%(H)dx* + B*(t)dy* + C*(t)dz>
® A, B, C are scale factor-functions of t.

 For homogeneous Isotropic Universe A=B=C. The expansion
factor a(¢) of the total volume is:
a(t) = (ABC)'P = v

e The mean of the three Hubble parameters is
dIn(A;)

1
H =— ) HwhereH = ,A;=1{A,B,C
T2 H, : { )

* For anisotropic Universe (discussed her):

A#B#C
10



Point-like Lagrangian &
Noether equations

We can write the Lagrangian as: « - v, B,c,H,, H,, H,, H,, H,, H,)

We define: 5 _ é _dn(A@) . _ B _dnB®) . _ C _ dIn(C@)

74 d ~* B a T C dt

0 0 0 -0

: 0 . 0
- x=—r_2 h —_— : h —
The generator symmetry is: I om am,  om e o

Generalized phase space for our system spans

on a six dimensional manifold with coordinates (H,, H,, H,)
where 1 <a <3 and f.gh are functions of &, H,)

and

— 11
/ Za:l Ha 0H,



Point-like Lagrangian, which enables us to
investigate the symmetry properties of the
system

4 3 3 2172 2 2172 3
Z = W(H1H2+H1H3 + H2H? + 3 HAHH, + H2H? + H,H:

+3 H,H;H; + 3 H,H,H; + HH; + H;H; + H;H;
+H,H; + HH, + HtHy + H H,H, + H,H,H, + 2 H,H,H,

+H,H,H, + 2 HH;H, + H H;H; + H;H, + H;H; + 2 H,HH,

+H,HH, + HyH:H; + H;H, + H;H, + H,H, + HyH, + H3H2> .

12



Testing the stability of
Nash theory:

e EINSTEIN STATIC SOLUTIONS AND THEIR
(IN)STABILITY

e STABILITY OF THE DE SITTER UNIVERSE

13



General Solution: Model-I

e Einsteln static solutions Universe:

® _1B3H,A'BC - HH3A' BC — H2H?A' BC — ... + AB'CER + AB' CHH; — HyH,A' BC — H,ABC — HLABC =0,

® _H’H,B'AC - HH}B'AC — H}H?B'AC — ...+ A’ BCH> + A’ BCH,H, — H ABC — H,ABC =0,

® —HH,C' AB — H;H}C' AB — H;H}C' AB — 3 H;HH,C' AB — ...+ AB'CH>5 + A’ BCH: + A’ BCH,H, — H,ABC — H,ABC =0,
where
A= dA(?) B - dB(1) C dC(?)

dH,’~ dH,  dH; 14



Since the Einstein static universe is a closed universe and the
scale factors A(t),B(t),C(t) are constant:

H=H=0, i=123

Introducing perturbation into the Hubble constant which only depends on time:

H.— 6H,, H.— 6H,, H. — 6H,.

Substituting this into the previous equations:

15



We obtain:

sH=HO [ L) 4+ HO
l I i 9
lo

where Hl.(o), Hl.(l) are constants of integrations.

From the above equation:

No oscillation *

Einstein static universe is unstable
against the perturbations

16



General Solution: Model I

Stability of the de Sitter Universe

Anisotropic metric :> anisotropic expansion of the flat
FLRW metric.

Directional Hubble parameters H; = h, are stationary values
at the beginning, when the spacetime metric is stationary.

Considering: A = ae™’, B = be™', C = ce"

Then, the solution is:

17



We get

o —h’h,A’ BC — hsh?A’' BC — hshiA’ BC — ...+ h; ABC + 3 hsh;ABC + h;ABC =0,
o —1’h,B'AC — ...+ 6 hsh hyABC + 3 hihABC + 3 h3h;ABC + 2 hih, ABC + h;ABC =0,
e —hih,C'AB — ...+ 6 hshyhyABC + 3 hh ABC + h;ABC + 2 hsh;ABC + 3 h;h,ABC = 0,

18



Testing the stability of de Sitter Model

Introducing the perturbation H; — £, + 6£(¢):

—(hhy + 3h2h,08, + h36E)A’ BC — (hsh? + 3h;h26E, + hP6E)A' BC — ... — (8E,)ABC — (8&;)ABC = 0,
—(hhy + 3h2h,08, + hP6E,)B' AC — (hshi + ... — hi0EABC — 66,ABC — 6&,ABC = 0,
—(hhy + 3h2h,08, + h36E,)C' AB — (hh? + 3hsh?6&, + . . . + hy6E ABC + hy6&,ABC — 8& ABC — 66,ABC =0,

19



Substituting the equations into each other:

—(Bh2h,08, + hP6E,)A’ BC — (3h3hSE, + h25E)A' BC — . .. — (hy6E)ABC — (5E,)ABC — (6E;)ABC =0,
—(Bh2h,08, + h35E)B AC — (Bhhidé) + ... — ) 6EABC + hyo&,ABC + hy5&3ABC — hy6EABC — 66, ABC — 8¢;ABC =0,
—(BhZh,08, + h36E,)C" AB — (3h3hSE| + . .. + hy8E | ABC + hy6E,ABC — 6¢,ABC — 66,ABC =0,

Taking the derivatives of A, B, C:
(= Bh{ySE; + 68y — BhahlSE) + ... = (hy8E3) = 2(hy8E3) — (h36E3) — (8E5) — (6E3))abe) et Hhatal = 0,
(— Bhih38E, + hihy68,) — BhshihyS8, + ... — hydEs — 8E| — 8E3)(abc) ettt =
Collecting perturbation terms together:

(—6&) — 8E5 + 8E(—h? — hyh? — 2hsh? — ... + 6hyhy — 2h2hshy + 4hyhy + 33 + 3h3))(abc) ePithatha)l =
(=8, — 8&5 + 6&, (B} + hyht + 2hsh? — h3hy + hihy — ... — 2h3hsy) + ... + 6k hy))(abc) eMitiaths)t =
(—8E, — 8E, + 6, (I + 2yt + ... — 3hh3 — 2hyhy + hs) + ... + 6hyhy))(abe) et =

20



These can be reduced to a single equation:

(—hy — 3hh; — 2h3h; — 5hihs — Thihshs + 2hs — 3hihy + 2h3h, — 6hihsh,

+6hsh, + hy (hy +4) hy + h$ + hhy + hihy + 2h3 — 3hhy + 8h hs)é

+(=hy = 3h,hi — 2hshy — Shihi — Thyhshi + 2hi — 3h5h,
+2h3hy — 6h5hshy + 6hshy + hy (h3 + 4) hy + hy + hohy + hihy + 2hy — 3h5hs + 8hyhy)E,
+(—h{ — 2hshy — &hyh — hshy — 6h5hi + 2hshi — Shyhshi + 4hi — 4hshy + 2h3hy + Shhshy + hyhih, + 6hyh,
—8h3hshy + 4hshy — hy + 3hyh; + 4h; — hyhy + 2h3 — hyhy — 2hyhs)E,

+(=h3 + 3hh} — 2hh3 — 2hsh? — hlhy — hihy + 2hshy + hy + B3 + 2003 + hihy — ha)é
+(—h = hyh? — hyhsh? — 2hsh? — h2hy + 2h3h) + hohshy + hy + B3 + 2hoh? + hy + hihy — hy)E,

+(=h} — 3hyhi — 2h3hy + 2hih + by — hy + 23 — b + 3h,hi — 2hy — 2h)é5 = 0

21



After solving the long differential equation we obtain:

1 1
o0&, =cexp | =At | +cyexp | =Bt
2 2
A=—A —/A2-A,
B=—A +4/A?-A,

1
A = > (2h; + 3hyhi + 3hshi — 2k — hy — h; — 3hh5 — hyhi + hy — 2hihy — 2hyhs + hs)

+h3 + hh; — 6hi + hihy — 4hy — 3hihsy — 4hhsy)

22



1 1
o0&y = c3exp (ECt> + ¢ exp <5Dt>

C=-C,—+/C? -G,

D=-C+4/C -G

1
Cy = (=i = hohi = hohshi = 2k + 3h3hy = 2h5hy + hohshy + by + 203 = 13 = hy + 3h3hy + )

+5hyhshy — dhyhy — 6hshy + hy + hohy — 615 + hyhy + 2hy — 3hyhy — 4hyhs)

23



1 1
0&; = c5 exp <5Et> + cg €Xp <5Ft>

E=-E —/E?-E,

F=—-E ++/E}-E,

1
E = > (A} + 3hyhi + 2h5hy — 2h3hy — by + b — 2h35 + h5 — 3h,hi + 2h, + 2h;)

E, = 2(=h} — 2h3h — 4hoh? — hah? — 6h3h? + 2h2h? — Shyhsh? + 4h? — 4h5hy + 2h3hy + Ohhh,
+hyhihy + 6hyhy — 8hyhshy + 4hshy — by + 3hohs + 4hs — hihy + 2hi — hyhy — 2hyhs)

24



Cosmological implications

* |n the above equations, provided that
Al ,, Ci o, Ey 5 > 0, if we substitute very large
numbers for t ; (i.e t =& oo) we find out that

o&; — 0 for any values of Ay, h,, h, since the
power of the exponent is negative..

 Consequently, the de Sitter universe is stable
against the perturbations.

* Therefore, the de Sitter universe is stable in
the context of the Nash gravity.

25



Extension of the Model

we are investigating a soft modification of the Nash action by adding an IR completeness term $R$
to the action as following:

1
SEH—Nash — EJd4x1 / _g<aR + 2RMUR'MU — R2> .

The action is an Einstein-Hilbert corrected Nash gravity.

26



EoM in the metric formalism,

1
— v 2
(@ =2R)G,, = 8, CR,R" + R = 2g,) (IR = V,V,R) - 4R'R

ptyy

-28,,V,VyR" —2[OR,, +4V,V,R Ry

where the trace is given as:

1
b= §<aR — 4R, R" + R2>

_ 2

a
5S¢ = Z5¢ = m26¢ .

27



For metric perturbations, we write

1 4
a(OR,, = =11,,0R) = (1,,k* — k&) (S — 551fe)2;7ﬂ,,1cy1<951'eyé’ + 2k*6R,, — 4k kgOR! Rp).

Using the same gauge freedom DJL’“‘” = 0 and & = 0 we used in the previous section:

_ h _
0" = 0 (W =" + 0" hy) = 0 =0, h = 4h,

we simplify it and find:

4
2 k 7.
K2+ —— )R, =0,
mspinZ
2 . a
mspinZ - 9

28



In case of negative o, we constrain a graviton mass using a uniform

prior probability on the graviton mass m, C [107%°,1079] to obtain

la| € [107°2,10737].
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Conclusions

 Nash theory of gravity marked one of the alternative theories of gravity.

 We study of Bianchi type-I universe in the context of Nash gravity by
using the Noether symmetry approach.

 We obtain the exact general solutions of the theory inherently exhibited
by the Noether symmetry.

 We also examine the stability of the model in context of Einstein
Universe and de-Sitter Universe.

e We find that the Nash gravity model is not stable in the context of A
Einstein Universe.

e Alternatively the Nash model of gravity is stable in the context of de-
Sitter model.
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Work Extension

To compare the results with data.

To modify the theory by adding R to it and study its
stability.

To test the stability with other theories.

Since the Nash theory is similar to Gauss-Bonnet we
can study its black hole and cylindrical solution.
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