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Nash theory of gravity and its stability

We have studied the Bianchi type-I universe in the context 
of Nash gravity using the Noether symmetry approach.

Here, we study its stability in the 
context of some models
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• Nash Theory of gravity.


• Noether Symmetry.


• Bianchi-type I model


• Point like Lagrangian and Noether symmetry.


• Cosmological implication:


• Einstein static solutions and their stabilities


• Stability of the de-Sitter of the de Universe


• Conclusions
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Nash's theory for gravity

• Action of Nash gravity:


•  Taking into account the action, the 
gravitational field can be obtained as:


• where     is the d’Alembertian operator, and

𝒮 = ∫ d4xℒ = ∫ d4x −g(2RμνRμν − R2) .

□ Gμν + Gαβ(2Rμ
α Rν

β −
1
2

gμνRαβ) = 0,

□

Gμν = Rμν −
1
2

gμνR

Nash theory of gravity marked one of the alternative 
theories of gravity.  
The theory can be viewed as a modification of GR and 
has been considered to be of interest in attempting to 
develop theories of quantum gravity.
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One of the alternative theories to Einstein’s general theory developed as .  

Divergence-free theory with  although it doesn't have classical Einstein 

limits. 

Found to have some applications in quantum gravity. 

We first derive the equations of motion in the flat FLRW spacetime and examine the behaviors of the 

solutions by invoking specific forms of the Hubble parameter.

f(R, RμνRμν)

f(R, RμνRμν) = 2RμνRμν − R2

Motivation
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Noether symmetry-Recap

• According to the Noether theorem, if there exists a vector field,    , 
for which the Lie derivative of a given Lagrangian       , vanishes            
,                        , the Lagrangian admits a Noether symmetry and 
thus yields a conserved current.


• where      is an affine parameter. The dot indicates the differentiation 
with respect to time, t.

λ

LXℒ = Xℒ = 0
ℒ

X

X = αi(q)
∂

∂qi
+ ( d

dλ
αi(q)) ∂

∂ ·qi ,
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• Any function  is invariant under the transformation 
 (being the symmetry for the dynamics derived by the 
) if  





Then if  then  is a symmetry for the dynamics 
derived by 

F(q, ·q)
X
ℒ

LXF = αi(q)
∂F
∂qi

+ ( d
dλ

αi(q)) ∂F

∂ ·qi = 0

LX = 0 X
ℒ
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• The Noether Theorem states that if 
, then the constant of motion 

function:





LXℒ = 0

Σ0 = αi ∂ℒ

∂ ·qi
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Bianchi-I Universe

• The Bianchi Type I line-element in coordinates                       is


• A, B, C are scale factor-functions of t. 

• For homogeneous Isotropic Universe A=B=C. The expansion 
factor        of the total volume is:


• The mean of the three Hubble parameters is


• For anisotropic Universe (discussed her):

xμ = (t, x, y, z)
ds2 = − dt2 + A2(t)dx2 + B2(t)dy2 + C2(t)dz2

a(t) = (ABC )1/3 = V1/3
a(t)

H =
1
3 ∑ HiwhereHi =

d ln(Ai)
dt

, Ai = {A, B, C}

A ≠ B ≠ C
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Point-like Lagrangian & 
Noether equations

• We can write the Lagrangian as:


• We define: 


• The generator symmetry is:


• Generalized phase space for our system spans 
on a six dimensional manifold with coordinates 
where             and         are functions of                  
and

ℒ = ℒ(A, B, C, H1, H2, H3,
·

H1,
·

H2,
·

H3)

H1 =
·
A
A

=
d ln(A(t))

dt
, H2 =

·
B
B

=
d ln(B(t))

dt
, H3 =

·
C
C

=
d ln(C(t))

dt
.

X = f
∂

∂H1
+ g

∂
∂H2

+ h
∂

∂H3
+

·
f

∂

∂
·

H1

+ ·g
∂

∂
·

H2

+
·
h

∂

∂
·

H3

(Ha,
·

Ha)1 ≤ a ≤ 3 f, g, h
(H1, H2, H3)

·
f = ∑

3

a=1

·
Ha

∂f
∂Ha
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+3 H1H2
2 H3 + 3 H1H2H2

3 + H1H3
3 + H3

2H3 + H2
2 H2

3

+H2H3
3 + H2

1
·H2 + H2

1
·H3 + H1H2

·H1 + H1H2
·H2 + 2 H1H2

·H3

+H1H3
·H1 + 2 H1H3

·H2 + H1H3
·H3 + H2

2
·H1 + H2

2
·H3 + 2 H2H3

·H1

+H2H3
·H2 + H2H3

·H3 + H2
3

·H1 + H2
3

·H2 + ·H2
·H1 + ·H3

·H1 + ·H3
·H2) .

Point-like Lagrangian, which enables us to 
investigate the symmetry properties of the 
system

ℒ =
−4

ABC (H3
1 H2 + H3

1 H3 + H2
1 H2

2 + 3 H2
1 H2H3 + H2

1 H2
3 + H1H3

2
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Testing the stability of 
Nash theory:

• EINSTEIN STATIC SOLUTIONS AND THEIR 
(IN)STABILITY                                  


• STABILITY OF THE DE SITTER UNIVERSE
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General Solution: Model-I

•Einstein static solutions Universe:


• 


• 


• 


−H3
1H2A′ BC − H3H3

1 A′ BC − H2
2H2

1 A′ BC − . . . + AB′ C ·H2
2 + AB′ C ·H2

·H3 − ·H3
·H2A′ BC − ··H2ABC − ··H3ABC = 0 ,

−H3
1H2B′ AC − H3H3

1B′ AC − H2
2H2

1B′ AC − . . . + A′ BC ·H2
1 + A′ BC ·H1

·H3 − ··H1ABC − ··H3ABC = 0 ,

−H3
1H2C′ AB − H3H3

1C′ AB − H2
2H2

1C′ AB − 3 H3H2
1H2C′ AB − . . . + AB′ C ·H2

2 + A′ BC ·H2
1 + A′ BC ·H1

·H2 − ··H1ABC − ··H2ABC = 0 ,

A′ =
dA(t)
dH1

, B′ =
dB(t)
dH2

, C′ =
dC(t)
dH3

where
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Since the Einstein static universe is a closed universe and the 
scale factors A(t),B(t),C(t) are constant: 

      Hi = ·Hi = 0 , i = 1,2,3

Introducing perturbation into the Hubble constant which only depends on time: 

Hi → δHi , ·Hi → δ ·Hi , ··Hi → δ ··Hi .

Substituting this into the previous equations: 

δ ··H2 + δ ··H3 = 0 , δ ··H1 + δ ··H3 = 0 , δ ··H1 + δ ··H2 = 0.
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We obtain: 

δHi = H(0)
i ( t

t0 ) + H(1)
i ,

where  are constants of integrations.H(0)
i , H(1)

i

From the above equation: 

No oscillation          

Einstein static universe is unstable 
against the perturbations
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General Solution: Model II

• Stability of the de Sitter Universe 


• Anisotropic metric               anisotropic expansion of the flat 
FLRW metric. 


• Directional Hubble parameters  are stationary values 
at the beginning, when the spacetime metric is stationary.


• Considering: 


• Then, the solution is:

Hi = hi

A = aeh1t, B = beh2t, C = ceh3t
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•  
•  
•

−h3
1h2A′ BC − h3h3

1 A′ BC − h2
2h2

1 A′ BC − . . . + h3
2 ABC + 3 h3h2

2 ABC + h3
3 ABC = 0 ,

−h3
1h2B′ AC − . . . + 6 h3h1h2ABC + 3 h2

3h1ABC + 3 h3h2
2 ABC + 2 h2

3h2ABC + h3
3 ABC = 0 ,

−h3
1h2C′ AB − . . . + 6 h3h1h2ABC + 3 h2

3h1ABC + h3
2 ABC + 2 h3h2

2 ABC + 3 h2
3h2ABC = 0 ,

We get: 
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Introducing the perturbation :Hi → hi + δξi(t)

Testing the stability of de Sitter Model

 
 

−(h3
1h2 + 3h2

1 h2δξ1 + h3
1δξ2)A′ BC − (h3h3

1 + 3h3h2
1δξ1 + h3

1δξ3)A′ BC − . . . − (δ ··ξ2)ABC − (δ ··ξ3)ABC = 0 ,
−(h3

1h2 + 3h2
1 h2δξ1 + h3

1δξ2)B′ AC − (h3h3
1 + . . . − h3δ

·ξ3ABC − δ ··ξ1ABC − δ ··ξ3ABC = 0 ,
−(h3

1h2 + 3h2
1 h2δξ1 + h3

1δξ2)C′ AB − (h3h3
1 + 3h3h2

1δξ1 + . . . + h3δ
·ξ1ABC + h3δ

·ξ2ABC − δ ··ξ1ABC − δ ··ξ2ABC = 0 ,
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Substituting the equations into each other:

 
 

−(3h2
1 h2δξ1 + h3

1δξ2)A′ BC − (3h3h2
1δξ1 + h3

1δξ3)A′ BC − . . . − (h3δ
·ξ3)ABC − (δ ··ξ2)ABC − (δ ··ξ3)ABC = 0 ,

−(3h2
1 h2δξ1 + h3

1δξ2)B′ AC − (3h3h2
1δξ1 + . . . − h1δ

·ξ1ABC + h2δ ·ξ1ABC + h2δ ·ξ3ABC − h3δ
·ξ3ABC − δ ··ξ1ABC − δ ··ξ3ABC = 0 ,

−(3h2
1 h2δξ1 + h3

1δξ2)C′ AB − (3h3h2
1δξ1 + . . . + h3δ

·ξ1ABC + h3δ
·ξ2ABC − δ ··ξ1ABC − δ ··ξ2ABC = 0 ,

Taking the derivatives of A, B, C:

( − (3h3
1h2δξ1 + h4

1δξ2) − (3h3h3
1δξ1 + . . . − (h2δ ·ξ3) − 2(h2δ ·ξ3) − (h3δ

·ξ3) − (δ ··ξ2) − (δ ··ξ3))(abc) e(h1+h2+h3)t = 0 ,

( − (3h2
1h2

2δξ1 + h3
1h2δξ2) − (3h3h2

1h2δξ1 + . . . − h3δ
·ξ3 − δ ··ξ1 − δ ··ξ3)(abc) e(h1+h2+h3)t = 0 ,

( − (3h2
1h2h3δξ1 + h3

1h3δξ2) − (3h2
3h2

1δξ1 + h3
1h3δξ3) − . . . − h2δ ·ξ2 + h3δ

·ξ1 + h3δ
·ξ2 − δ ··ξ1 − δ ··ξ2)(abc) e(h1+h2+h3)t = 0

Collecting perturbation terms together:

(−δ ··ξ2 − δ ··ξ3 + δ ·ξ2(−h3
1 − h2h2

1 − 2h3h2
1 − . . . + 6h2h1 − 2h2

2h3h1 + 4h3h1 + 3h2
2 + 3h2

3))(abc) e(h1+h2+h3)t = 0
(−δ ··ξ1 − δ ··ξ3 + δ ·ξ1 (h3

1 + h2h2
1 + 2h3h2

1 − h2
2h1 + h2

3h1 − . . . − 2h2
2h3) + . . . + 6h1h3))(abc) e(h1+h2+h3)t = 0

(−δ ··ξ1 − δ ··ξ2 + δ ·ξ1 (h3
1 + 2h2h2

1 + . . . − 3hh2
2 − 2h2h3 + h3) + . . . + 6h2h3))(abc) e(h1+h2+h3)t = 0
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These can be reduced to a single equation:

(−h4
2 − 3h1h3

2 − 2h3h3
2 − 5h2

1h2
2 − 7h1h3h2

2 + 2h2
2 − 3h3

1h2 + 2h3
3h2 − 6h2

1h3h2

+6h3h2 + h1 (h2
3 + 4) h2 + h4

3 + h1h3
3 + h2

1h2
3 + 2h2

3 − 3h3
1h3 + 8h1h3)ξ1

+(−h4
1 − 3h2h3

1 − 2h3h3
1 − 5h2

2h2
1 − 7h2h3h2

1 + 2h2
1 − 3h3

2h1

+(−h4
1 − 2h2

3h3
1 − 4h2h3

1 − h3h3
1 − 6h2

2h2
1 + 2h2

3h2
1 − 5h2h3h2

1 + 4h2
1 − 4h3

2h1 + 2h3
3h1 + 9hh2

2h1 + h2h2
3h1 + 6h2h1

−8h2
2h3h1 + 4h3h1 − h4

2 + 3h2h3
3 + 4h2

2 − h2
2h2

3 + 2h2
3 − h3

2h3 − 2h2h3)ξ3

+(−h3
2 + 3hh2

2 − 2h1h2
2 − 2h3h2

2 − h2
1h2 − h2

3h2 + 2h3h2 + h2 + h3
3 + 2h1h2

3 + h2
1h3 − h3)

·ξ1

+(−h3
1 − h2h2

1 − h2h3h2
1 − 2h3h2

1 − h2
2h1 + 2h2

3h1 + h2h3h1 + h1 + h3
3 + 2h2h2

3 + h2 + h2
2h3 − h3)

·ξ2

+(−h3
1 − 3h2h2

1 − 2h2
2h1 + 2h2

3h1 + h1 − h3
2 + 2h3

3 − h2
2 + 3h2h2

3 − 2h2 − 2h3)
·ξ3 = 0

+2h3
3h1 − 6h2

2h3h1 + 6h3h1 + h2 (h2
3 + 4) h1 + h4

3 + h2h3
3 + h2

2h2
3 + 2h2

3 − 3h3
2h3 + 8h2h3)ξ2
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After solving the long differential equation we obtain:

δξ1 = c1 exp ( 1
2

At) + c2 exp ( 1
2

Bt)
A = − A1 − A2

1 − A2

B = − A1 + A2
1 − A2

A1 =
1
2 (2h3

1 + 3h2h2
1 + 3h3h2

1 − 2h1 − h3
2 − h3

3 − 3hh2
2 − h2h2

3 + h2 − 2h2
2h3 − 2h2h3 + h3)

A2 = 2(h4
2 + h1h3

2 + 4h3h3
2 + h2

1h2
2 + 6h2

3h2
2 + 5h1h3h2

2 − 4h2
2 − 3h3

1h2 + 4h3
3h2 + 5h1h2

3h2 − 4h1h2 − 6h3h2

+h4
3 + h1h3

3 − 6h2
1 + h2

1h2
3 − 4h2

3 − 3h3
1h3 − 4h1h3)
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δξ2 = c3 exp ( 1
2

Ct) + c4 exp ( 1
2

Dt)
C = − C1 − C2

1 − C2

D = − C1 + C2
1 − C2

C1 =
1
2 (−h3

1 − h2h2
1 − h2h3h2

1 − 2h3h2
1 + 3h2

2h1 − 2h2
3h1 + h2h3h1 + h1 + 2h3

2 − h3
3 − h2 + 3h2

2h3 + h3)
C2 = 2(h4

1 + h2h3
1 + 4h3h3

1 + h2
2h2

1 + 6h2
3h2

1 + 5h2h3h2
1 − 4h2

1 − 3h3
2h1 + 4h3

3h1

+5h2h2
3h1 − 4h2h1 − 6h3h1 + h4

3 + h2h3
3 − 6h2

2 + h2
2h2

3 + 2h2
3 − 3h3

2h3 − 4h2h3)
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δξ3 = c5 exp ( 1
2

Et) + c6 exp ( 1
2

Ft)
E = − E1 − E2

1 − E2

F = − E1 + E2
1 − E2

E1 =
1
2 (h3

1 + 3h2h2
1 + 2h2

2h1 − 2h2
3h1 − h1 + h3

2 − 2h3
3 + h2

2 − 3h2h2
3 + 2h2 + 2h3)

E2 = 2(−h4
1 − 2h2

3h3
1 − 4h2h3

1 − h3h3
1 − 6h2

2h2
1 + 2h2

3h2
1 − 5h2h3h2

1 + 4h2
1 − 4h3

2h1 + 2h3
3h1 + 9hh2

2h1

+h2h2
3h1 + 6h2h1 − 8h2

2h3h1 + 4h3h1 − h4
2 + 3h2h3

3 + 4h2
2 − h2

2h2
3 + 2h2

3 − h3
2h3 − 2h2h3)
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Cosmological implications
• In the above equations, provided that 

, if we substitute very large 
numbers for t ; (i.e  ) we find out that 

 for any values of , since the 
power of the exponent is negative..


• Consequently, the de Sitter universe is stable 
against the perturbations. 


• Therefore, the de Sitter universe is stable in 
the context of the Nash gravity.

A1,2, C1,2, E1,2 > 0
t → ∞

δξi → 0 h1, h2, h3
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Extension of the Model

 we are investigating a soft modification of the Nash action by adding an IR completeness term $R$ 
to the action as following: 

 

The action is an Einstein-Hilbert corrected Nash gravity.

SEH−Nash =
1
2 ∫ d4x −g(αR + 2RμνRμν − R2) .
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EoM in the metric formalism,  

 (α − 2R)Gμν =
1
2

gμν(2RμνRμν + R2) − 2(gμν) □ R − ∇μ ∇νR) − 4Rγ
μRγν

−2gμν ∇γ ∇θ Rγθ − 2 □ Rμν + 4∇γ ∇θ Rγ
(μRθ

θ) .

where the trace is given as:

□ ϕ =
1
9 (αR − 4RμνRμν + R2)

ϕ ≡ α − 2
3 R

□ δϕ =
α
4

δϕ = m2
s δϕ .
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For metric perturbations, we write 

.α(δRμν −
1
2

ημνδR) = (ημνk2 − kμkν)(δϕ −
4
3

δR)2ημνkγkθδRγθ + 2k2δRμν − 4kγkθδRγ
(μRθ

θ)

Using the same gauge freedom   and  we used in the previous section: 

 

we simplify it and find: 

Dμh̄μν = 0 h̄ = 0

∂μh̄μν = ∂μ(hμν −
h̄
2

ημν + ημνhf ) = 0 h̄ = 0, h = 4hf ,

(k2 +
k4

m2
spin2

)h̄μν = 0,

m2
spin2 = − α

2

□ hf = m2
s hf
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In case of negative , we constrain a graviton mass using a uniform 
prior probability on the graviton mass  to obtain 

α
mg ⊂ [10−26,10−16]

|α | ⊂ [10−52,10−32] .



Conclusions

• Nash theory of gravity marked one of the alternative theories of gravity.


• We study of Bianchi type-I universe in the context of Nash gravity by 
using the Noether symmetry approach.


• We obtain the exact general solutions of the theory inherently exhibited 
by the Noether symmetry.


• We also examine the stability of the model in context of Einstein 
Universe and de-Sitter Universe.


• We find that the Nash gravity model is not stable in the context of 
Einstein Universe.


• Alternatively the Nash model of gravity is stable in the context of de-
Sitter model.

Λ
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Work Extension

• To compare the results with data.


• To modify the theory by adding R to it and study its 
stability.


• To test the stability with other theories.


• Since the Nash theory is similar to Gauss-Bonnet we 
can study its black hole and cylindrical solution.


• … 
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