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Hydrodynamics from Holography

• QGP, Neutron star, Superfluid, High-energy astrophysics, ...
(p+1)-dimensional relativistic viscous fluid

T ab =T ab
(0) + T ab

(1) + T ab
(2).... ∇aT

ab = 0, (1)

T ab
(0) =euaub + phab, hab ≡ γab + uaub,

T ab
(1) =− 2 η σab − ζ θ hab, T ab

(2) = ....

σab = hac hbd
(
∇(c ud) −

1

p
θ hcd

)
, θ ≡ ∇c uc , (2)

• Gravity/Fluid correspondence: Gravity ⇔ a special fluid.

• Connection to the AdS/CFT and Cosmological Applications

• Is there a recursive relation between different orders?
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AdS/Conformal Fluid
• Conformal fluid lives on the AdS boundary

S. Bhattacharyya, V. EHubeny, S. Minwalla and M. Rangamani, JHEP 0802, 045 (2008)

ds2 =− 2 ua dx
adr − r2 f (b r) uaub dx

adxb + r2 hab dx
adxb

+ g
(1)
µνdx

µdxν + g
(2)
µνdx

µdxν ...

Gµν + Λgµν = 0, Λ = −
p(p + 1)

2
, f (br) =

1

(br)p+1

M. Rangamani, Class. Quant. Grav. 26,
224003 (2009)

• The dual stress tensor

T ab = lim
rc→∞

rp+1
c

(
2Kγab − 2K ab + T ab

ct

)
=(πTH)p+1

(
puaub + hab

)
+ T ab

(1) + T ab
(2)

T ab
(1) =− 2ησab + ζhab,

η =
s

4π
=

(
4πTH

p + 1

)p

, ζ = 0.
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Black Holes/Membrane fluid

• Membrane paradigm
Black Holes ⇐⇒ lower dimensional fluid

• The horizon responds like a viscous fluid
S. W. Hawking, J. B. Hartle, T. Damour, 1970s

• Universal relation η/s = 1/4π
P. Kovtun, D. T. Son and A. O. Starinets, JHEP 0310, 064 (2003)

场论的低频长波近似 
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(fig from web)

MEMBRANE VIEWPOINT ON BLACK HOLES: PROPERTIES. . . 921

(Reluctantly we have adhered to past conventions and

have used the scalar QH to denote the horizon's angular

velocity, and the vector QH or OH to denote the horizon's

Hajicek field; the reader should be wary and not confuse
them with each other. } As an example, for a Kerr
black hole with mass I, angular momentum J, rotation
parameter a =J/M—, and "horizon radius"
rH—:M+ (M —a }'~, described in polar coordinates
(8,$) with ranges 0(8&m and 0&((}&2m and with
g'=8/BP, it turns out that

rH —3f
~H p~ H (2.24a)

Qe ——0, Q~ ——— [pH rH+M(rH —a cos 8)],a siii 8 2 2 2

PH

(2.24b)

(2MrH )z

fg8=PH =IH +0 cos 8, Pyy= s1n 8,
PH

n e, =O, n I= —1. (3.1)

We then construct the unique congruence of ingoing null

geodesics ("ingoing rays") which at the horizon 4 are
tangent to n (Fig. 2); and we carry the coordinates (t,x'}
outward on these rays into the surrounding spacetime. As
our fourth spacetime coordinate we use the affine parame-
ter A, of the null-geodesic rays, with A, =0 and d /d A, = —n
on A . Note that this construction corresponds to

used by Carter ' in his proof that surface gravity is con-
stant on stationary horizons.

We begin by introducing on the horizon A a specific
time t and a specific set of spatial coordinates x' which
comove with the horizon's generators. At each point on
M we introduce a future-directed ingoing null vector n
which is orthogonal to the slice A —, and has unit inner
product with the horizon generator I:

yet, ——0 . (2.24c)
&a&

is tangent to ingoing nu11-geodesic ray,

It is straightforward to verify that the integral of
Q~ /Sr—r [E~. (2.24b)] over the horizon's area

dA =(yttsy~~)' d8dp is equal to the hole's total angular
momentum J=Ma, in accord with Eq. (2.7).

For fully dynamical holes none of the simplifications of
static or stationary holes apply. %e have, however, the
possibility of specializing to slices with spatially constant
gtt. We shall explore the constant-gtt slicing transforma-
tions and their generalization to slowly variable gH in Ap-
pendix D.

the horizon A is at A, =O,

(3.2a}

(3.2b)

III. THE 3 + 1 SPLIT OF SPACETIME
NEAR THE HORIZON

We turn attention now from the hole's 3-dimensional,
absolute event horizon P' to 4-dimensional spacetime P'
outside and near the horizon. In Sec. III A we introduce
a set of spacetime coordinates tied to our slicings t of the
horizon. Then in Sec. IIIB we use these coordinates to
perform the 3+ 1 split of spacetime P' into "absolute
space" P', plus "universal time" t; and we define the
hole's stretched horizon and relate its kinematic properties
and evolution to those of the true horizon. Section III 8
focuses, for simplicity, on slicings for which the hole's

surface gravity gH is constant. In Sec. III C we repeat our
study of the stretched horizon and its properties for slic-

ings with slowly varying surface gravity; and in Appendix
C we present, for the slowly varying case, a canonical
form of the near-horizon spacetime metric —a form which
meshes nicely with our 3+ I split, and we exhibit this
metric s relationship to the Boyer-Lindquist form of the
Kerr metric.

A. Carter coordinates

We introduce here a special class of coordinates for
spacetime outside and near the horizon, which are the
generalization to dynamical black holes of the coordinates

FIG. 2. Equivalence of horizon generators and fiducion
world hnes. In the horizon limit aU~I along an ingoing ray.

R. H. Price and K. S. Thorne,
Phys. Rev. D 33, 915 (1986)
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Rindler/Fluid

• Ingoing Rindler metric

Gµν =0, ds2 = −rdτ2 + 2dτdr + dxidx
i

I. Bredberg, C. Keeler, V. Lysov and A. Strominger, JHEP 1207, 146 (2012)

• Derivative expansion Gµν = O(∂3),

ds2 =− 2puadx
adr + gabdx

adxb + O(∂3)

gab =
[
−p2(r − rc)uaub + γab

]
+ g

(1)
ab + g

(2)
ab

• The dual stress tensor

Tab =2(Kγab − Kab)

=0 + pPab + T
(1)
ab + T

(2)
ab + ...

G. Compere, P. McFadden, K. Skenderis,
M. Taylor, JHEP 1203, 076 (2012)
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Rindler Hydrodynamics

• The Hamiltonian constraint equation

2Gµνn
µnν |Σc = (K 2 − KabK

ab) = 0 =⇒ T 2 − p TabT
ab = 0, (3)

the equation of state relating the pressure and energy density.

• The momentum constraint equation

2Gµbn
µ|Σc = 2(∂aKab − ∂bK ) = 0 =⇒ ∂aTab = 0. (4)

It reduce to the incompressible Navier-Stokes equations

∂iv
i = 0, (5)

∂τvi + v j∂jvi − rc∂
2vi + ∂iP = 0, (6)

in non-relativistic hydrodynamic limit
vi ∼ ε, P ∼ ε2, ∂i ∼ ε, ∂τ ∼ ε2,

Cutoff Fluid (@Hanoi) Yun-Long Zhang (YITP, Kyoto) Aug 4, 2020 8 / 47



Gravity/Fluid on Cutoff Connection with AdS/CFT Holographic Dark Fluid More on Rindler Fluid

Outline

1 Gravity/Fluid Duality on Cutoff

2 Connection with AdS/CFT

3 Holographic Dark Fluid in the Universe

4 Appendix: More about Rindler Fluid
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S. Khimphun, B. H. Lee, C. Park and Y. L. Zhang, JHEP01(2018)058
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Outline

1 Gravity/Fluid Duality on Cutoff

2 Connection with AdS/CFT

3 Holographic Dark Fluid in the Universe

4 Appendix: More about Rindler Fluid
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(figures from web)
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Summaries

•1 Gravity/Fluid Duality on Cutoff

2 Connection with AdS/CFT

3 Holographic Dark Fluid in the Universe

4 Appendix: More about Rindler Fluid
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Appendix: More about Rindler Fluid
• Rindler Fluid up to second order

T
(0)
ab = 0 + phab,

T
(1)
ab = (ζ ′D ln p)uaub − 2ηKab,

T
(2)
ab = p−1

{[
d1KabKab + d2ΩabΩab + d3(D ln p)2

+ d4DD ln p + d5(D⊥ ln p)2
]
uaub +

(
c1KacKc

b

+ c2Kc(aΩc
b) + c3ΩacΩc

b + c4h
c
ah

d
b∂c∂d ln p

+ c5Kab D ln p + c6D
⊥
a ln pD⊥b ln p

)}
. (7)

• Coefficients from holographic calculation

ζ ′ = 0, η = 1,

d1 =− 2, d2 = d3 = d4 = d5 = 0,

c1 =− 2, c2 = c3 = c4 = c5 = −c6 = −4 . (8)
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More about Rindler Fluid

• The metric components

g
(0)
ab =− p2(r − rc)uaub + γab,

g
(1)
ab = 2p(r − rc)

(
D ln puaub + 2a(aub)

)
,

g
(2)
ab = 2(r − rc)

[
(KcdKcd)uaub − 2u(ah

c
b)∂dK

d
c

−K c
a Kcb + 2Kc(aΩc

b) − 2hcah
d
bDKcd

]
+ p2(r − rc)2

{(1

2
KcdKcd + aca

c
)
uaub

+ 2u(ah
c
b)

[
∂dKd

c − (Kcd + Ωcd)ad
]
− ΩacΩc

b

}
+ p4(r − rc)3

(1

2
ΩcdΩcd

)
uaub. (9)

where Kab = hcah
d
b∂(cud), Ωab = hcah

d
b∂[cud ], D

⊥
a = hca∂c .

G. Compere, P. McFadden, K. Skenderis and M. Taylor, JHEP 1203, 076 (2012)
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2. Petrov type I condition

• The spacetime is at least Petrov type I , if there exists a frame

`2 = k2 = 0, kµ`
µ = 1, mi

µmj
µ = δij , (10)

• Such that

Pij = 0, Pij ≡ C(`)i(`)j ≡ `µmν
i `
αmβ

j Cµναβ . (11)

V. Lysov and A. Strominger, “From Petrov-Einstein to Navier-Stokes,” arXiv: 1104.5502 .

T.-Z. Huang, Y. Ling, W.-J. Pan, Y. Tian, and X.-N. Wu, JHEP 1110 (2011) 079

• For the Rindler spacetime, the Newman-Penrose-like vector
fields can be choosed as

mi = ∂i ,
√

2` = ∂0 − n,
√

2k = −∂0 − n, (12)
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Projections on the hypersurface

• Consider the following projections

γαa γ
β
b γ

γ
c γ

δ
dCαβγδ = KadKbc − KacKbd ,

γαa γ
β
b γ

γ
c n

δCαβγδ = ∂aKbc − ∂bKac ,

γαa n
βγγc n

δCαβγδ = KKac − KabK
b
c , (13)

and the Brown-York stress tensor Tab = 2(Kγab − Kab).

• The Petrov type I condition turns out to be Pij = 0, where

2Pij ≡ T τ
τT ij + 2rcT

τ
iT

τ
j − 4r

−1/2
c ∂τT ij − T ikT

k
j − 4r

1/2
c ∂(iT

τ
j)

+ p−2
[
T (T − pT τ

τ ) + 4pr
−1/2
c ∂τT

]
δ ij . (14)
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Petrov type I condition

• A stress tensor Tab on a (p + 1)-dimensional timelike
hypersurface has (p + 1)(p + 2)/2 arbitrary components,

• Petrov type I condition Pij = 0 gives (p− 1)(p + 2)/2 constraints.

• This leaves (p+1)(p+2)
2 − (p−1)(p+2)

2 = (p + 2) independent
components.

• Exactly the number of the physical quantities of fluid:
Local energy density e, pressure p, velocity v i .
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Non-relativistic hydrodynamic expansion parameter ε

• The stress tensor can be expanded as

T τ
i = T τ (1)

i + T τ (3)
i + O(ε5),

T τ
τ = T τ (0)

τ + T τ (2)
τ + T τ (4)

τ + O(ε6),

T ij = T
(0)
ij + T

(2)
ij + T

(4)
ij + O(ε6),

T = T (0) + T (2) + T (4) + O(ε6). (15)

• Impose the Hamiltonian constraint and Petrov type I condition

H(0) =0⇒ T τ (2)
τ = −T τ (1)

i T τ (1)
j δij ,

P(0)
ij =0⇒ T

(2)
ij = p−1T (2)δij + r

3/2
c T τ (1)

i T τ (1)
j − 2 rc ∂(iT

τ(1)
j) ,
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Recover the dual fluid

• Identify T
τ(1)
i = r

−3/2
c vi ,T

(2) = r
−3/2
c pP, we can recover the

stress tensor

T τ
i = + r

−3/2
c vi + O(ε3), (16)

T τ
τ =− r

−3/2
c v2 + O(ε3), (17)

T ij = + r
−1/2
c δij + r

−3/2
c [Pδij + vivj − 2rcσij ] + O(ε3), (18)

T =T τ
τ + T i

i = p r
−1/2
c + p r

−3/2
c P + O(ε3), (19)

• ∂aT ab = 0→ incompressiable Navier-Stokes equations

∂iv
i = O(ε4), ∂τvi + v j∂jvi + ∂iP − rc∂

2vi = O(ε5), (20)
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The next non-trivial order

• Hamiltonian constraint H(4) = 0 and Petrov type I condition

P(4)
ij = 0 lead to

T τ (4)
τ =− r

3/2
c T τ (1)

i T τ (3)
j δij

+
1

2

[
r

1/2
c T

(2)
ij T ij

(2) + r
1/2
c (T τ (2)

τ )2 − p−1r
1/2
c (T (2))2

]
, (21)

T
(4)
ij = 2 r

3/2
c T τ (1)

(i T τ (3)
j) − 2rc ∂(iT

τ(3)
j) +

1

2
r

1/2
c T τ (2)

τ T
(2)
ij

− 1

2
T

(2)
ik T

(2)
j l δ

kl − ∂τT (2)
ij

+
1

2
p−1

[
p−1r

1/2
c (T (2))2 − r

1/2
c T (2)T τ (2)

τ + 4∂τT
(2) + 2T (4)

]
δ ij .

But it fail to recover the holographic stress tensor.
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Check the Petrov type I condition

• Inserting the stress tensor into Pij and expanding in powers of
parameter ε, one has

Pij = P(0)
ij + P(2)

ij + P(4)
ij + O(ε6). (22)

• One can see that P(0)
ij and P(2)

ij vanish identically, but

P(4)
ij = r−3

c

[
−6rcv

kv(iωj)k − 2r2
c v(i∂

2vj) + 4r2
c v

k∂(iωj)k + r3
c ∂

2σij

]
.

(23)

Unless additional constraint, eg the irrotational condition
ωij ∼ O(ε4) R. -G. Cai, L. Li, Q. Yang and Y. -L. Zhang, JHEP 1304, 118 (2013)

See more recent discussions by C. Keeler, T. Manton and N. Monga,

“From Navier-Stokes to Maxwell via Einstein,” [arXiv:2005.04242 [hep-th]].
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Slightly change the frame

• In general, these basses can be written as

√
2` =γ(∂0 + βi∂i )− nµ∂µ,√
2k =− γ(∂0 + βi∂i )− nµ∂µ,

mi =∂i + γβi∂0 + (γ − 1)β−2βiβ
j∂j , (24)

• Only one term P(4)
ij = ∂2σij = ∂2∂(ivj) is left,
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3. Relativistic Rindler fluid in derivative expansion

• Choose a covariant frame
√

2` = −n + u,
√

2k = −n − u,

gµν = `µkν + kµ`ν + δijm
i
µm

j
ν . (25)

• The Petrov type I condition becomes Pij = m a
i m

b
j Pab = 0,

2Pab =hcah
d
b

[
(TmcTnd − TmnTcd) umun − TcmT

m
d

]
+ 4hcah

d
b

[
− um∂mTcd + um∂(cTd)m

]
+ p−2

[
T (T + p Tmnu

mun) + 4p uc∂cT
]
hab. (26)
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From Petrov type I condition to Relativistic Fluid

• Define the fluid velocity ua such that h b
a Tbcu

c = 0,

• Choose the isotropy gauge of the pressure p,

• The stress tensor can be decomposed as

Tab = euaub + Πab, (27)

with

e ≡ Tabu
aub, Πab ≡ hcah

d
bTcd . (28)
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• Then the Hamiltonian constraint becomes H = 0, where

H ≡ 2pep + (p − 1)e2 + pΠabΠab − p2p2. (29)

• The covariant Petrov type I condition is Pab = 0, where

2Pab ≡ − eΠ ab − Π acΠc
b − 4uc∂cΠ ab − 4Π c

(a D⊥b)uc

− 4eKab + [p (e + p) + 4p uc∂c ln p] h ab. (30)

R. G. Cai, Q. Yang and Y. L. Zhang, Phys. Rev. D 90 (R)041901 (2014)
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Recover the stress tensor of dual fluid

• Expanding the stress tensor

e = 0 + e(1) + e(2) + O(∂3),

Πab = phab + Π
(1)
ab + Π

(2)
ab + O(∂3). (31)

• The first order

H(1) = 0⇒ e(1) = 0,

P(1)
ab = 0⇒ Π

(1)
ab = −2Kab. (32)

• The second order

H(2) = 0⇒ e(2) = −2p−1KabKab,

P(2)
ab = 0⇒ Π

(2)
ab = p−1

[
2KacKc

b − 4Kc(aΩc
b) + 4hcah

d
bDKcd

]
. (33)
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• Recover the stress tensor of dual fluid

T
(0)
ab = 0 + phab,

T
(1)
ab = − 2Kab,

T
(2)
ab = − 2p−1KabKab

−
(
2KacKc

b + 4Kc(aΩc
b) + 4ΩacΩc

b + 4hcah
d
b∂c∂d ln p

+ 4Kab D ln p− 4D⊥a ln pD⊥b ln p
)
. (34)

• With exactly the same holographic coefficients

ζ ′ = 0, η = 1,

d1 =− 2, d2 = d3 = d4 = d5 = 0,

c1 =− 2, c2 = c3 = c4 = c5 = −c6 = −4 . (35)
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4. Consider the Gauss-Bonnet correction

• The action of vacuum Einstein gravity with Gauss-Bonnet
correction LGB = R2 − 4RµνR

µν + RµνσλR
µνσλ,

S =

∫
dp+2x

√
−g(R + αLGB), (36)

The field equation
Gµν + 2αHµν = 0, (37)

with the tensor

Hµν = RRµν − 2RµλR
λ
ν − 2RσλRµσνλ + R σλρ

µ Rνσλρ −
1

4
gµνLGB .
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• The dual stress tensor,

δTab = δT̃ab + δT̄ab = −4αp
(
KacKc

b + 3p−1ΩacΩc
b

)
. (38)

• We can recover the first and second order transport coefficients
from fluid/gravity calculation

ζ ′ = 0, η = 1, d1 = −2, d2 = d3 = d4 = d5 = 0,

c1 =− 2(1 + 2αp2), c3 = −4(1 + 3αp2),

c2 =c4 = c5 = −c6 = −4 . (39)

C. Eling, A. Meyer and Y. Oz, JHEP 1208, 088 (2012)

R. G. Cai, Q. Yang and Y. L. Zhang, JHEP 1412, 147 (2014)
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Conclusions on the Petrov type condition

• A recursive relation of the fluid dual to Rindler spacetime.

• 4 dimensional as special case? Petrov type I .

• Equivalent choice of the regularity condition on horizon?

• Generalize to other holographic system?

Thanks for all your attention!
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